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O . Abstract. This paper shows that divisible abelian torsion groups are realizable as 

^ . Brauer groups of quasilocal fields. It describes the isomorphism classes of Brauer groups 
'. of primarily quasilocal fields and solves the analogous problem concerning the reduced 
^ \ components of the Brauer groups of two basic types of Henselian valued absolutely stable 
fields. For a quasilocal field E and a finite separable extension R/E, we find two sufficient 
conditions for validity of the norm group equality N{R/E) = N[Rq/E), where Rq is the 
maximal abelian extension of E in R. This is used for deriving information on the arising 
! specific relations between Galois groups and norm groups of finite Galois extensions of E. 
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This paper is devoted to the study of norm groups and Brauer groups of the fields 



_ 1. Introduction and statements of the main results 

> 

in , 

\ pointed out in the title, i.e. of fields whose finite extensions are primarily quasilocal 
^ ; (abbr., PQL). Our main result describes, up-to an isomorphism, the abelian groups that 

can be realized as Brauer groups of several basic types of PQL-fields (see Theorem 1.2, 
^ ■ Propositions 2.3 (ii), 3.4 and Section 6). For a quasilocal field E and a finite separable 
! extension R/E, it gives two sufficient conditions that the norm group N{R/E) coincides 
with N{R/ E)xh-, the norm group of the maximal abelian extension of -E in i? (see Theorem 
1.1). When the field E is nonreal, this allows us to clarify essential algebraic and topological 
^ ' aspects of the behaviour of norm groups of finite Galois extensions of E. 

The basic notions needed to present this research are the same as those in [7]; the 
reader is referred to [18; 21; 27; 31 and 15], for any missing definitions concerning simple 
algebras, Brauer groups, field extensions, Galois cohomology and abelian groups. Simple 
algebras are supposed to be associative with a unit and finite-dimensional over their centres, 
and Galois groups are viewed as profinite with respect to the KruU topology. For a central 
simple algebra A over a field E, we write [A\ for the similarity class of A in the Brauer 
group Br(£'). As usual, E* denotes the multiplicative group of E, Eg^p a separable closure 
of E, Ge = G{Esep/E) is the absolute Galois group of E, Ce stands for the character 
group of G^, and d{E) is the class of central division i?-algebras. For an arbitrary field 
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extension K/E, Br(A/£?) is its relative Brauer group, Pe/k is the scalar extension map, 
lm.{E / A) is the image of Pe/Ki s-nd I{A/E) is the set of intermediate fields of A/E. We 
write Gal(i?) for the set of finite Galois extensions of E in E^ep, and put Q{E) = {M G 
Gal(i?): G{M/E) G Ab}. Throughout, P is the set of prime numbers and Il{E) consists 
of those p e P, for which G^; is of nonzero cohomological p-dimension cdp(Gs). For each 
p & P, E{p) is the maximal p-extension of E in -Egep, and flp(E) = {Y e fl{E): Y C E{p)}. 
When \1/ is a nonempty formation of finite groups in the sense of [34], E^l, denotes the 
compositum of all fields M G Gal(i?) with G{M/E) G in view of Galois theory and 
the choice of Ex^, is the union of these M. For a finite extension i? of i? in E^ep, 
we put N{R/E)^ — N{E^ fl R/E). The formations of abelian, metabelian, nilpotent, 
solvable, and of all finite groups are denoted by Ab, Met, Nil, Sol and Fin, respectively. A 
class X ^ Fin is called abelian closed, if it is nonempty and closed with respect to taking 
subgroups, homomorphic images, finite direct products, and group extensions with abelian 
kernels (a series of typical examples of such classes is given in Remark 6.1). We say that 
E is formally real, if —1 is not presentable over £^ as a finite sum of squares; E is called 
nonreal, otherwise. The field E is said to be PQL, if every cyclic extension F of E embeds 
as an i?-subalgebra in each D G d{E) of Schur index ind(-D) divisible by the degree [F: E]. 
We say that E is strictly PQL, if it is PQL and the p-component Br(£')p of Br(£') is 
nontrivial, when p runs through the set P{E) of those elements of P, for which E{p) ^ E. 

Singled out in the process of characterizing basic types of stable fields with Henselian 
valuations (see [7] and the references there), PQL-fields E deserve interest in their own 
right because of the arising close relations between the fields in 0(i?), their norm groups 
and central simple £?-algebras. Firstly, it should be pointed out that strictly PQL-fields 
admit one-dimensional local class field theory (abbr. LCFT, see (2.1)) and the converse 
holds in all presently known cases (cf. [8, Theorem 1.1, Remark 4.4 and Sect. 3]). Note 
also that the field E is strictly quasilocal (SQL), i.e. its finite extensions are strictly PQL, 
if and only if they admit LCFT [8, Proposition 3.6]. Secondly, this research is motivated by 
the dependence of some of these relations on the structure of Br(£^) (see [8, Theorems 1.2 
and 1.3]), and therefore, by the problem of describing the isomorphism classes of Brauer 
groups over the main kinds of PQL-fields. It is worth adding that the quasilocal property 
singles out one of the basic classes of absolutely stable fields (in the sense of Brussel, 
see [7, I, Proposition 2.3]), and the structure of Br(F), for an arbitrary absolutely stable 
field F, is of interest for the theory of central simple algebras in general (see [27, Sects. 
14.4 and 19.6]). The choice of our main topic is determined by the fact that the groups 
N{M/E): M G Gal(i?) \ Q{E), refiect more aspects of the specific nature of E than merely 
the infiuence of the PQL- property. Our starting point are the following analogues to the 
norm limitation theorem about local fields (see [17, Ch. 6, Theorem 8]): 

(1.1) (i) N{R/E) — N{R/ E)p^i,, provided that R is a finite separable extension of a 
field E with LCFT in the sense of Neukirch-Perlis [26], i.e. if the triple {Ge, {G{Esep/F), 
F G Fe{E)},E*^p) is an Artin-Tate class formation (cf. [2, Ch. XIV]), where Fe{E) is the 
set of finite extensions of E in -EsepJ 

(n) N{R/E) = N{R/E) Ah, if E is PQL and R C Emi [5]. 

It is known (cf. [26]) that a field E admits LCFT in the sense of Neukirch-Perlis if and 
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only if it is SQL, Bi{E) embeds in the quotient group Q/Z of the additive group of rational 
numbers by the subgroup of integers, and p^;/^: Br(i?) Br(F) is surjective, for every 
finite extension F of i? in E^ep- This holds when E has a Henselian discrete valuation with 
a quasifinite residue field E (see, e.g., [41]). The basis for the present discussion is also 
formed by the characterization of the PQL- property in the class of algebraic extensions of 
global fields, which yields the following (see [5, Sects. 1 and 2] and the references there): 

(1.2) (i) For each G e Fin \ Nil, there exist algebraic extensions E{G) and M{G) 
of the field Q of rational numbers, such that E{G) is strictly PQL, M{G) e Gal{E{G)), 

G{M{G)/E{G)) = G and N{M{G)/E{G)) ^ N{M{G)/E{G))Ah; 

(ii) If i? is an algebraic PQL-extension of a global field Eq, then Br{E) embeds in Q/Z. 
Moreover, if R/E is a finite extension, then N{R/E) — N{T,/E), for some E e ^{E); when 
E is strictly PQL, S is uniquely determined by R/E. 

The purpose of this paper is to present two main results which shed an additional 
light on (1.1) and (1.2), and solve the above-noted problem for Brauer groups of nonreal 
PQL-fields. The first result is stated as follows: 

Theorem 1.1. Let E be a quasilocal field and R a finite extension of E in Esep- Then 
N{R/E) = N{R/E)Ah if^ the following two cases: 

(i) The map Pe/m is surjective, for some M G GaX{E) including R; 

(ii) There exists afield $(i?) e n{E), such that N{^R)/E) C N{R/E). 

Theorem 1.1 is deduced in Section 3 from its p-primary analogue stated as Theorem 
3.1. This analogue enables us to generalize Theorem 1.1 (i) by proving at the end of Section 
3 that N{R/E) = N{R/E)Ah, provided that E is quasilocal and R G I{M/E), for some 
M G Gal(-E') with Pe/l surjective, where L is the fixed field of the Fitting subgroup of 
G{M/E). In this setting, it may occur that Pe/^ is not surjective, for any $ G Gal(£^) 
including R (see the comment preceding Proposition 6.3). Theorem 3.1 has been used in [6] 
for describing the norm groups of finite separable extensions of SQL-fields with Henselian 
discrete valuations. Like the description of the norm groups of formally real quasilocal 
fields, obtained in [9], this yields a generally nonabelian LCFT. Our second main result, 
combined with [7, I, Theorem 3.1 (ii) and Lemma 3.5], shows that an abelian torsion group 
T is isomorphic to Br(£^), for some nonreal PQL-ficld E, if and only if T is divisible (for 
the formally real case, see Propositions 6.4 (i) and 3.4); this specifies observations made 
at the end of [37, Sect. 3]. When T is divisible, it states that E can be found among 
quasilocal fields so as to solve one of the main inverse problems related to (1.1) and (1.2). 

Theorem 1.2. Let Eq be a field, T a divisible abelian torsion group, Tq a subgroup 
o/Br(£'o) embeddable in T, and let x and x' be subclasses of Fin, such that Nil x x' ■ 
Assume also that any class x, x' abelian closed unless it equals Nil. Then there exists a 
quasilocal and nonreal extension E = E{T) of Eq with the following properties: 

(i) Br(£') = T, Eq is separably closed in E, Pe/Eq maps Tq injectively into Bt{E), 
and each G G Fin is realizable as a Galois group over E; 

(ii) For each finite extension R of E in E^, N{R/E) — N[R/ E)p^\y; moreover, if 
X 7^ Nil, then pe /r is surjective; 

(in) N{M/E) N{M/E)A.h, for every M G G&\{E) with G{M/E) ^ x! l 
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(iv) IfG e x'\x, then there are Mi, M2 G Gal(E), such that G{Mj/E) ^G, j = 1,2, 
N{Mi/E) = N{Mi/E) Ah and N{M2/E) ^ N{M2/E)Ah- 

The assertions of Theorem 1.2 (i)-(ii) in the case of Tq = Br(£'o), combined with [7, I, 
Corollary 8.5] and the behaviour of Schur indices under scalar extensions of finite degrees 
(cf. [27, Sect. 13.4]), imply [37, Theorems 3.7-^3.9]. Since n-dimensional F-algebras embed 
in the matrix F-algebra M„(F), for any field F and n G N, these assertions and well-known 
properties of tensor products (see [27, Sects. 9.3 and 9.4 ]) also enable one to deduce [37, 
Theorem 3.10] from the Skolem-Noether theorem (as in the proof of the double centralizer 
theorem, for example, in [27, Sect. 12.7]). Thus the noted part of Theorem 1.2 simplifies 
the proofs of [37, Theorems 2.6 and 2.8]. When x = Fin, it admits a Galois cohomological 
interpretation (see Remark 5.4 and [7, I, Theorem 8.1]) and yields the following result: 

(1.3) For each divisible abelian torsion group T, there is a quasilocal field E, such 
that Br{E) = T, all G G Fin can be realized as Galois groups over E, and N{R/E) = 
N{R/E)Ahi for every finite extension R oi E in -Eggp- 

When X — Nil or x is abelian closed with Nil C x 7^ Fin, the conclusions of Theorem 
1.2 in the special cases of x' = X x' = Fin amount essentially to the following: 

(1.4) For each divisible abelian torsion group T, there exist quasilocal fields Ei and 
E2 with BT{Ei) ^ T, z = 1, 2, and such that: 

(i) All G G Fin are realizable as Galois groups over Ei and E2, and whenever Mi G 
Gal(Ei), N{Mi/Ei) = N{Mi/Ei)Ah if and only if G{Mi/Ei) G x- 

(ii) N{M2/E2) = N{M2/E2)Ah, provided that M2 G Ga^^a) and G{M2/E2) G x- For 
each G G Fin\x, Gal(E2) contains elements M{G)i and M(G)2 with G{M{G)j/E2) = G, 
j = 1,2, N{M{G)i/E2) = N{M{G)i/E2)Ah and N{M{G)2/E2) ^ N{M{G)2/ E2)Ah. 

Theorem 1.1 and statements (1.1) (ii), (1.2) (i)-(ii), (1.3) and (1.4) mark the limit 
behaviour of norm groups of finite Galois extensions of PQL-fields. By [8, (2.3)], the fields 
singled out by (1.3) and (1.4) have no Hcnselian valuations with indivisible value groups. 
Note also that if (F, v) is a Henselian discrete valued SQL-field, then Gi? is prosolvable of 
special type (see Corollary 6.7 and [8, (2.1) and the comments to (2.4) (ii)]). These facts 
and the topological interpretation of Theorem 1.2 in Section 6 allow one to appreciate 
from an algebraic point of view the Neukirch-Perlis generalization of LCFT, and without 
artificial limitations, to incorporate it in the study of quasilocal fields and other areas. 

Here is an overview of the paper: Section 2 includes preliminaries needed in the sequel, 
such as statements of frequently used projection formulae relating the corestrictions of 
Brauer and character groups of an arbitrary finite separable extension. The proofs of 
these formulae (and of Proposition 2.8) given in [10] as well as of Propositions 4.1 and 6.8 
show that Theorem 1.2 (i)-(ii), applied Tq = Br(£'o) and x = Fin, provides useful tools for 
the study of various aspects of Brauer group theory on a unified basis. Theorems 1.1 and 
1.2 are proved in Sections 3 and 5, respectively. The technical preparation for the proof of 
Theorem 1.2 is made in Section 4 and its results seem to be of independent interest. As 
an application of Theorem 1.2, we describe in Section 6 the isomorphism classes of Brauer 
groups of formally real PQL and of strictly PQL-fields, and do the same for the reduced 
parts of the Brauer groups of two basic types of Henselian valued absolutely stable fields. 
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2. Preliminaries on norm groups, p-quasilocal fields 
and corestrictions of Brauer and character groups 

(2.1) Let £■ be a field and Nr(£') the set of norm groups of its finite extensions in 
Esep- We say that E admits LCFT, if the mapping tt: Q{E) Nr(£'), by the rule 

7r(F) = N{F/E): F e Vl{E), is injective, and whenever Mi,M2 G ^{E), N{MiM2/E) = 
N{Mi/E) n N{M2/E) and N{Mi n M2/E) = N{Mi/ E)N{M2/ E) (as usual, M1M2 is 
the compositum of Mi and M2). We call E a field with local p-class field theory (local 
p-CFT), for some p e P, if the restriction of tt on the set Op(i?) has the same properties. 

The following lemma (proved, e.g., in [5]) implies that a field E admits LCFT if and 
only if it admits local p-CFT, for every p e P{E). When E is of this kind, [7, I, Lemma 
4.2 (u)] shows that Bt{E)p ^ {0}, p e P{E). 

Lemma 2.1. Let E, R and M he fields, such that R e I{M/E), R E, M e 
Gal{E) and G{M/E) e Nil. Let P{R/E) he the set of prime divisors of [R:E], and 
Rp = Rr\E{p), for eachp e P{R/E). Then R equals the compositum of the fields Rp-. p G 
PiR/E), [R:E] = UpeP{R/E)[Rp-E], N{R/E) = np^p(^R/E)N{Rp/E) and the quotient 
group E* /N{R/E) is isomorphic to the direct group product Y[p£P(R/E) /^{Pp/^)- 

Henceforth, Sy\p{M / E) denotes the set of Sylow /^-subgroups of G{M/E), for any 
M G Gdl{E), p e P. For the proof of the following lemma, we refer the reader to [7, II]. 

Lemma 2.2. Let E and M he fields, M G Ga\{E) and P{M/E) = {p eP: p\[M:E]}. 
Then N{M/E) C N{M/F), for every F G I{M/E). Moreover, if Ep is the fixed field of a 
group Gp G Qy\p{M/E), then N{M/E) = npeP(M/E)N{M/Ep). 

The main results of [7, I] used in the present paper (supplemented by a well-known 
result on orderings in Pythagorean fields), can be stated as follows: 

Proposition 2.3. Assume that E is a p-quasilocal field, for some p G P{E), R is a 
finite extension of E in E{p), and D G d{E) is an algebra of p-primary index. Then: 

(i) R is a p-quasilocal field and ind(-D) = exp(D). 

(ii) Br(i?)p is a divisible group unless p = 2, R = E and E is formally real. In the 
formally real case, E{2) = E{y/^), Br(E)2 is of order 2 and BT{E{^/^))2 = {0}; this 
occurs if and only if E is Pythagorean with a unique ordering. 

(iii) Pe/r m,aps Br(£')p surjectively on Br {R)p, i.e. Br {R)p C lm(E/R). 

(iv) R embeds in D as an E-subalgebra if and only if [R: i?]|ind(il>). 

The following lemma provides an easy method of constructing p-quasilocal fields. 
Before stating it, recall that a field extension F/ Fq is said to be regular, if Fq is separably 
closed in F and I{F/Fq) contains an element Fq, such that Fq/Fq is rational (i.e. purely 
transcendental) and F/Fq is separable. It is known that the tensor product ®FoAi, i & I, 
of such extensions is a domain with a fraction field F{I) regular over Fq. We call A(/) 
a tensor compositum of the fields over Fq, and write A(/) = ^p^Ai. Recall further 
that the class Reg(Fo) of regular extensions of Fq contains the function fields of the Fq- 
varieties (i.e. algebraic varieties defined over Fq and irreducible over Fo,sep) considered in 
this paper. In what follows, we shall use without an explicit reference the well-known facts 
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that Fi (8)j?(, A G Reg(Fi) whenever A e Reg(Fo) and Fi is a finite extension of Fq in -Fo^sep, 
the image of Reg(Fi) under the transfer map Tr p^/p^ (over Fi/Fq) is included in Reg(Fo), 
and the compositions ^F^^ o Tr^^/p^ and Tr p^^/p^ o^p_^ coincide. These are easily obtained 
from Galois theory and the definition of Ttp^/p^^ (see the beginning of [30, Sect. 3]). 

Lemma 2.4. Let Fq be a field and p E P. Then there exists a field extension F/Fq, 
such that F is p-quasilocal, Fq is algebraically closed in F and Br (F/Fq) = {0}. 

Proof. Using [14, Theorem 1], one constructs F as a union U^^Sj = U^^S^ of fields 
defined inductively as follows: 

(2.2) (i) Bq is a rational function field in one indeterminate over Fq and Bq = Bq 
(since p G P{Bq), this implies that Br(So)p ^ {0}). 

(ii) For each z e N, Bi/B'^._^^ is a rational extension with a transcendence basis (abbr, 
tr-basis) indexed by the Cartesian product Rp^i x Cp^i, where Rp^i is a system of 
representatives of the isomorphism classes of algebras in d{B'^^_^s^) of index p, and Cp^i is 
the set of extensions of in -S(i_i)(p) of degree p. 

(iii) For any i G N, let F{ri,Ci) be the function field of the Brauer-Severi S^- variety 
canonically associated with the central simple S^-algebra (r^® b'^. ^^-^i) ® ii^i ®-B(. 
Bi)/Bi,Ci,X^^'^^^^^^), for each (ri,Ci) G Rp^i x Cp,^, Ci being a generator of G{{c, ®b'^._^^ 
Bi)/Bi). Then B[ = ®BiF{ri, Ci), {ri, Cj) G Rp,i x Cp^, in particular, S- G Reg(S^._^p. 

Throughout this paper, Covp/p denotes the corestriction homomorphism of Br(F) into 
Br(F), and Ker{F/E) stands for the kernel of Covp/p, for any finite separable extension 
F/E. The first part of the following statement, complemented by Proposition 3.4, gives 
evidence of close relations between CoTp/p and quasilocal nonreal fields: 

(2.3) (i) E is p-quasilocal if and only if Corn/p maps Br(i?)p injectively into Br(£')p 
(i.e. Bt{R)p n KeT{R/E) = {0}), for each finite extension of F in E{p) [10, (1.1) (i)]; 

(ii) If E is p-quasilocal and i? is a finite extension of E in E{p), then: 
(a) E admits local p-CFT, provided that Br(F)p {0} [8, Theorem 3.1]; in particular, 
N{R/E) ^ E* unless R = E; 

(/?) N{R/E) = N{R/E) Ah [5, Theorem 3.1]; 

(7) N{R/E) = E* in case Br(F)p = {0} [7, I, Lemma 4.2]. 

Statement (2.3) (i). Proposition 3.4 and the noted proofs of (2.3) (ii) help us observe 
the possibility to apply Theorem 1.2 (i) and the second assertion of Theorem 1.2 (ii) to 
the study of Covp/p. This is demonstrated by the alternative proofs in [10] of two known 
projection formulae (see [33, page 205]). We first state a special case of the first projection 
formula, which is particularly easy to apply. 

Proposition 2.5. Let E, F and M be fields with MCiF = E, F C E^ep o,nd M cyclic 
over E, and let a be a generator of G{M/E) . Then MF/F is cyclic, a extends uniquely 
to an F -automorphism a of MF, G{MF/F) = (a) and Coip/p maps the similarity class 
of the cyclic F-algebra {MF/F,a,X) into [{M/E,a,N^{X))], for each A G F* . 

Let now F be a field and F a finite extension of E in -Egep, rp/F the restriction homo- 
morphism Cp — Cp, and coTp/p the corestriction map Cp — > Cp. It is known (cf. [18, Ch. 
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7, Corollary 5.3]) that Ci? is an abelian torsion group and for each p E P, its p-component 
can be identified with the character group C{F{p)/F) of G{F{p)/F). Recall that for each 
X ^ Cp, the fixed field of the kernel Ker(x) is cyclic over F; we denote by the gener- 
ator of G{L^/F) induced by any G Ge satisfying the equality x(^x) ~ (l/[-^x- ^]) 
Note that L^^^^(j^) — L^F, CTrE/pix) unique {L^ fl F)-automorphism of L-^^F extend- 

ing a-^W, and pE/{L^nF) maps Bt{L^/E) on the set {[(L^/(L^ n F), ct^W, c)]: c e E*}, 
where d{x) = [L^ (1 F: E]. These observations enable one to deduce from Proposition 2.5 
the first projection formula in general (see the proof of [10, (3.1)]): 

(2.4) Cor^/^([(L^F/F,a,,/^(^), A)]) = [( L^/F, a^, iV|(A))], A e F*. 

The second projection formula is contained in the following result, which is used for 
proving Theorem 3.1: 

Proposition 2.6. Let E be a field, F a finite extension of E in i?sep? c and x 
elements of E* and Cp, respectively. Then Corp/£;([(Lpj./F, cr,^, c)]) = [(L^^/F, (7if,c)], 
where x = cor^/^(x). Also, C M, provided that M e Gal(F) and C M. 

The proof of Proposition 2.6 in [10] is based not only on Theorem 1.2 (i) and the 

second part of Theorem 1.2 (ii), applied to Tq = By{Eq) and x = Fin. It also relies on 
Proposition 2.5, statements (2.3) (ii) (a), (/3) and the fact (see [7, II, Lemma 2.3]) that if 
F is p-quasilocal with a primitive p-th root of unity, for some p G P{F), then the structure 
of C{F{p)/F) is determined by the group pBr(F) — {b E Br(F): pb — 0} and the group 
Rp{F) of roots of unity in F of p-primary degrees, as follows: 

(2.5) C{F{p)/F) is divisible if and only if Br(F)p = {0} or Rp{F) is infinite. If 
Br(F)p ^ {0}, Bp is a basis of pBr(F) as a vector space over the field Fp with p elements, 
and Rp{F) is of finite order p^^, then the group p^C{F{p)/F) is divisible and C{F{p)/F) is 
isomorphic to the direct sum p^C{F{p)/F) (B R{F{p)/F), where R{F{p)/F) is a subgroup 
of C{F(j))/F) presentable as a direct sum of cyclic groups of order p^^, indexed by Bp. 

Remark 2.7. Let F be a field and F/E a finite separable extension. Suppose also 
that E contains a primitive n-th root of unity, for some n G N, or char(i?) = p > 0. 
Applying Kummer theory and its analogue obtained by Witt (see [21, Ch. VIII, Sect. 8] 
and [18, Ch. 7, 1.9 and 2.9]), one deduces from Proposition 2.6 the projection formula for 
symbol F-algebras of indices dividing n, and the one for p'^-symbol F-algebras, /x G N, 
contained in [35, Theorem 3.2] and [22, Proposition 3 (i)], respectively. 

Let us mention that (2.4) and Propositions 2.5 and 2.6 can also be proved by applying 
group-cohomological technique (see [40, Proposition 4.3.7] and [18, Ch. 7, Corollary 5.3]). 
Without comparing the approach referred to with the one followed in [10], note that the 
latter bears an entirely field-theoretic character both technically and conceptually. As 
shown in [10, Sect. 2] and Section 5, our approach also allows us to prove Theorem 1.2 (i) 
and the concluding assertion of Theorem 1.2 (ii) together with the following result. 

Proposition 2.8. Let F be a field, M/F a finite separable extension. A' a tensor 
compositum over M of function fields of Brauer-Severi M -varieties, and A is the transfer 
of A' over M/F. T/ien Br (A/F) equals the image ofBT{A'/M) under Cotm/f- 
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Proposition 2.8 is a special case of [13, Proposition 2.6] which has been deduced in 
[13] from [30, Theorem 3.13] and the description of the relative Brauer groups of function 
fields of generalized Brauer-Severi varieties [3]. In view of the relations between quasilocal 
nonreal fields and Brauer group corestrictions, and of the preservation of rationality under 
transfer (see [30, Lemma 3.2 (a)]), one may expect that Theorem 1.2 can be used for 
simplifying the proofs and the presentations of index reduction formulae, for the function 
fields of a number of twisted rational varieties like those considered in [30; 24; 23] and [37]. 

3. p-primary analogue to Theorem 1.1 

Let i? be a field, R a finite extension of E in E^ep, and H{E)'^ = {h^: h G H{E)}, for 
any subgroup H{E) of E* and each n G N. For each p E P, let RKh,p = RCl i?Ab H E{p), 
Pp be the greatest divisor of [R: E], and Np{R/E) ~ {up G E*: the co-set UpN{R/ E) is 
a ;>element of E*/N{R/E)}. Clearly, E*^^ C Np{R/E) and N{R/EYi^ C N{RAh,p/E), 
p G P, so Theorem 1.1 can be deduced from the following result (in the case oi 0, = Egep)'- 

Theorem 3.1. Let E be a field, Q a Galois extension of E in E^^p, and R a finite 
suhextension of E in O. Assume that finite extensions of E in O are p- quasilocal, for some 
peP. Then N{R/E) = N{RAh,p/E) n Np{R/E) in the following cases: 

(i) There exists M G GaX{E) n I{Vt/E) with R G I{M/E) and Br(M)p C lm{E/M); 

(ii) N{R/E) includes N{^{R)/E) n Np{R/E), for some $(i?) G ^^(E) n I{n/E). 

Proof The inclusion N{R/E) C N{RAh,p/E) n Np{R/E) is obvious. We prove the 
converse by showing that p /cp, where Cp is the exponent of the N{RAh,p/E)/N{R/E). 
Theorem 3.1 (ii) is obtained as a special case of the following lemma. 

Lemma 3.2. Let E, Q, R and p satisfy the conditions of Theorem 3.1, and let 
M G Gal(E) n I{n/E). Then Np{M/E)Np{R/E) = Np{M n R/E). 

Proof. It is clearly sufficient to show that p does not divide the exponent e of 
L* /N{M/L)N{R/L), where L = M H R. Hence, by the p-quasilocal property of finite 
extensions of L, one may jissume^ further that L = Let R be the normal closure of R in 
Esep over E, Hp G Sylp{R/R), Gp G Sy\{R/E), Hp C Gp and Gp G Sylp(M/£;). Denote 

by Rp, $p and Ep the fixed fields of ffp, Gp and Gp, respectively. We prove that e|<^p, 
i.e. C N{M/E)N{R/E), where ipp = [^pi E][Ep: E]; this implies the lemma, since 

p ^(pp. Let ^ be a primitive element of R/E. By Galois theory and the equality L = E, 
[MR: R] ^ [M: E], i.e. [M(^): M] = [R: E]. This means that the minimal polynomial of ^ 
over E is irreducible over M. Considering Ep, REp and M instead oi E, R and M, respec- 
tively, and using Lemma 2.2, one reduces our proof to the special case where Ep — E, i.e. 
M C E{p). The choice of Rp guarantees that p /([Rp-.R], so it follows from Galois theory, 
the equality [M: E] = [MR: R] and the inclusion M C E{p) that [MRp: Rp] = [M: E] and 
RpHMF = F, for every F G I{Rp/E). This, applied to the case of F = $p, enables one to 
deduce from (2.3) (n) {a) and (7) that N{M^p/^p)N{Rp/^p) = Now the inclusion 
E*'fip C N{M/E)N{R/E) becomes obvious, so Lemma 3.2 is proved. 

Remark 3.3. Statements (1.2) (i) and (ii) show that the conclusions of Theorem 1.1 
(ii) and Lemma 3.2 are not always true, if E is only a PQL-field. 
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Our next result characterizes the fields whose finite extensions are p-quasilocal, for a 
given p G P. It simplifies the proof of Theorem 3.1 (i) and leads to the idea of constructing 
quasilocal nonreal fields and formally real PQL- fields by the method followed in this paper. 

Proposition 3.4. Let E be a field and O a Galois extension of E in i?sep- Then 
finite extensions of E in Vt are p- quasilocal, for a given p & P, if and only if one of the 
following two conditions is fulfilled: 

{c) p > 2 or E is nonreal, and for each pair (M, M') G Gal(i?) x Gal(i?) with M C 
and M' G I{M{p)/M), Gotm'/m maps Br(M')p injectively into Br(M)p; 

(cc) p = 2, E is formally real and its formally real finite extensions in O are uniquely 
ordered Pythagorean fields; when Q ^ E, this holds if and only if 2 ^ -P(fi), G{Q/ E{\/—1)) 
is abelian, cd2{G{Q/ E{\^—1)) = and G{Vt/E) is continuously isomorphic to the semidi- 
rect product G{Vt/ E{\/^-i))x {a) , where a'^ — 1 and ara = , for allr G G{Q/ E{\^^)) . 

If (cc) is satisfied and Q = E^ep, then N{L/E) = N2{L/E) n N{L/E) Ah, Bt{E) is of 
order 2 and lm{E/L) = Br(L)2, for each finite extension L of E in Egep- 

Proof. It is clear from (2.3) (i) that if finite extensions of i? in O are p-quasilocal, then 
CoTpz/F maps Br(F')p injectively into Br(F)p whenever F G Gal(i?), F C and F' is a 
finite extension of F in F{p). We first prove that the fulfillment of (c) implies that finite 
extensions of i? in O are p-quasilocal. To begin with, (2.3) (i) and Proposition 2.3 (ii) 
guarantee that E is p-quasilocal and Br(i?)p is divisible. Observe that both properties are 
preserved by each M G Gal(i?), M OQ. If p ^ P[M), this follows at once from Proposition 
2.3 (ii), so we assume further that p G P{M). Denote by F the prime subfield of E, and 
by Tp the unique Zp-extension of F in -Egep- The divisibility of Br(M)p can be deduced 
from Witt's theorem (see [11, Sect. 15]), if p = char(i?), and from the Merkurjev-Suslin 
theorem [25, (16.1)] in case p ^ char(i?) and Tp C E. Assuming that Fp ^ E, one obtains 
from Galois theory that MTp/M is a Zp-extension, and for each n G N, Gal(i?) contains 
the field M„ G I{MVp/M) of degree [M^:M] = p". Hence, by (c) and the RC-formula, 
Mn is a splitting field of each T„ G d{Mn) of exponent dividing p^. This enables one to 
deduce the following statements, arguing as in the proof of [7, I, Theorem 3.1]: 

(3.1) (i) ind(A) = exp(A), for every A G d{M) of p-primary dimension. 

(u) If Br (M)p 7^ {0}, then there exists A^ G d{M) of index p^, for each n G N. 

Statement (3.1) the established property of M„ and [27, Sect. 15.1, Corollary b] imply 
the divisibility of Br (M)p. Our objective now is to prove that M is p-quasilocal, provided 
that p G P{M). Let M be a finite extension of M in M(7?), D a central division M-algebra, 
such that exp(D) = [M': M] = p. Then it follows from Galois theory that M{p) contains 
as a subfield the normal closure M' of M over E (in E^ep)- Since Br(M)p is divisible, one 
can find an algebra D G d{M) so as to satisfy the equalities ind(-D) = p"^ and p'^~^[D] = 
[D], where p'^ = [M':M]. Hence, by the RC-formula, Cor ~(p^^~,([5]) = [D], and 

^°^m'/m([^]) = = Cor~^^(p^^~([D]). In view of (c), this means that Pj\^/^,([5]) = 

and Pj\^/j{5^([-D]) = (in Br(M') and Br(M), respectively). In other words, D is split by 

M' and D is split by M, so the p-quasilocal property of M becomes obvious. 
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Suppose now that R is an arbitrary finite extension oi E in Q and denote by Ri its 
normal closure in E^ep over E. By definition, R is p-quasilocal, if p ^ P{R) or Br(i?)p = 
{0}, so we assume that p G P{R) and Br(J?)p 7^ {0}. Note first that Br {R)p is divisible. 
As in the special case where R — Ri, one sees that it is sufficient to prove our assertion 
under the hypothesis that Tp ^ E. Applying [27, Sect. 15.1, Corollary b], one concludes 
that if Br{R)p is not divisible, then Br(i?rp/i?) 7^ Br(i?)p and Br(i?rp)p is infinite and 
divisible. As [RiFp: RTp] G N, this implies that Br(i?irp)p 7^ {0}. On the other hand, Ri 
is p-quasilocal and RiTp/Ri is a Zp-extension, so it follows from [7, I, Theorem 4.1 (iv)] 
that Br(i?irp)p = {0}. The obtained contradiction completes the proof of the divisibility 
of Br(i?)p, so we return to the assumption that p G P{R) and Bx{R)p ^ {0}. Let R' 
be an extension of R in R{p) of degree p, R'l the normal closure of R' in E^^p over E, 
and di an element of Br(i?')p, such that Cor / fi{di) = 0. Then Br(J?p) is divisible, so 
the equation [R'l: R']x = di has a solution (i'^^ G Br(i?')p. Hence, by the RC-formula, 
Corji'^/fi'{d'i) — di. In view of the equality Coiji'^/r — Coiu'/fi o Corji'^/ji', this means 
that PRi/R'^{d'i) G Ker(i?'i/i?). Thus condition (c) yields PR/R'^{di) = and di = 0. 
The obtained result indicates that Cotrz/r maps Br(i?')p injectively into Br(i?)p, so the 
assertion that R is p-quasilocal reduces to a consequence of (2.3) (i). 

Assume now that E is formally real and p = 2. Note first that it suffices for the proof 
of Proposition 3.4 (cc) to show that if Q ^ E and formally real finite extensions of i? in O 
are 2-quasilocal, then 2 ^ P(fi) and Br($)2 = {0}, for each $ G Gal{E) r]I{Cl/E), ^ ^ E. 
This follows from Becker's theorem (cf. [4, (3.3)]), [9, Proposition 3.1] and the latter part 
of Proposition 2.3 (ii). Observe that every admissible $ is a nonreal field. Indeed, for each 
primitive element ^ of and any g G G{^/E), the trace Tr^(^ — g{C)) equals zero. 
Therefore, the hypothesis that $ is formally real requires that (^ - g{^)) ^ U (-1)$*^. 
In view of Proposition 2.3 (ii), when g ^ 1, this contradicts the assumption that $ is 
2-quasilocal, so the assertion that $ is nonreal is proved. Let E2 be the fixed field of 
some G2 G Syl2($/£^). Then 2 J{[E2:E], and by the Artin-Schreier theory (cf. [21, Ch. 
XI, Proposition 2]), E2 is formally real. Hence, by Proposition 2.3 (ii), $ = i?2(\/~l)) 
2 ^ P($) and 2 /[$:E(y^)], so Br($)2 = {0} and 2 ^ P{Q), which proves (cc). 

Henceforth, we assume that Q, = Eg^p. This ensures that P{E) = {2}, £?Ab = EiV—^) 
and Br(£') is of order 2 (cf. [4, (3.3)] and [9, Lemma 2.4]). Let L be a finite extension 
of E in Esep- By [9, Proposition 3.1], L G Gal(i?) if and only if G L. When 

L G Gal(i?), the same result shows that 2 /([L: E{y/^)], which yields Br(L)2 = {0} and 
N2{L/E{y^)) = E{y/^y. Since E* = E*^ U (-1)^*^ and, by Lemma 2.2, N2{L/E) C 
iV2(L/E(v^)), this means that N2iL/ E)nN{L/ E)Ah = N2{L/Ef = N{L/E). Suppose 
finally that L ^ Gal(i?). Then 2 /[L: E] and L is formally real, which implies that Pe/l is 
an isomorphism and N2{L/E) = N{L/E). These results prove Proposition 3.4. 

Theorem 3.1 (ii). Propositions 2.3 (ii)-3.4 and our next statement reduce the proof of 
Theorem 3.1 (i) to the case where Br (i?)p is divisible and R = M. 

Corollary 3.5. Assume that E and M are fields, such that M G Gal(i?), Br (i?)p 
is divisible and I{M/E) consists of p-quasilocal fields, for some p E P. Then Br(L)p is 
divisible, for every extension L of E in M, and the following conditions are equivalent: 

(i) Pe/m maps Bt{E)p surjectively on Br(M)p; 

(ii) Cotm/e maps Br(M)p injectively into Br(£')p; 
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(iii) For each R e I{M/E), Br(i?)p C hn{E/R) and Br(i?)p n Ker(i?/E) = {0}. 

Proof. The conclusion that Br(L)p is divisible follows from Proposition 2.3 (i), the 
divisibility of Br(£?)p and the 7>-quasilocal property of E and L. For any pair ([/, V) e 
I{M/E) X I{M/E), such that t/ C and put Im([//r)p = Br{V)p n Im(C//F) and 
Ker(y/t/)p = Br{V)p fl Ker(l//C/). Since Br([/)p is divisible, the RC-formula implies 
Br{V)p = Im(C//V)p + Kei{V/U)p. This, applied to (^, M), proves that (ii)^(i). 

The rest of the proof relies on the well-known fact (see, e.g. [35]) that for each 
tower Ui C U2 C t/3 of finite separable extensions, Cotus/Ui equals the composition 
CoTjj^/jj^ o Coru„jjj.^. This implies that if M/E satisfies (ii), then so does M/U. At the 
same time, it follows from the RC-formula and the divisibility of Br(y)p that Br(l/)p is 
included in the image of Br(V)p under Cotm/v- Considering now the tower t/^ C C M, 
one concludes that if condition (ii) holds, then Covy/jj maps Br(F)p injectively into Br(t/)p. 

Let now Ep be the fixed field of some Gp e Sylp(M/£'). Then p /([E'prE'], so the 
RC-formula and the general properties of Schur indices (cf. [27, Sect. 13.4]) imply that 
the sum Br(£;p)p = lra{E/Ep)p + Kex{Ep/E)p is direct. Since pe/m = Pe^/m ° Pe/e^, 
one also sees that if condition (i) holds, then Br(£'p)p = Im{E/Ep)p + Br{Ep/M). As 
Br (£'p)p is divisible and Br (i?p/M) is of exponent dividing [M:Ep], these observations 
yield Br(£'p)p = lm{E/Ep)p and Ker{Ep/E)p = {0}. It is now easily obtained from (2.3) 
(i), applied to Ep and M, and the equality Cotm/e = CoiEp/E ° Cor M/Ep that (i)— i^(ii). 
Returning to the beginning of our proof, one also sees that (i) implies Br(M)p = Im{U/M)p 
and Br (y)p C lm{U/V)p + Br{M/V). Since Br(y)p is divisible and the exponent of 
Br{M/V) divides [M: V], this yields Br(y)p = lm{U/V)p, which completes the proof of 
the implication (i)— >(iii). As (iii) obviously implies (i). Corollary 3.5 is proved. 

Now we prove Theorem 3.1 (i) in the case where Br(£')p — {0} and R = M. Let Ep 
be the fixed field of a group Gp e Sylp{M/E), and let [Ep-. E] = rrip. By CoroUary 3.5, 
Br(£;p)p = {0}, so it follows from (2.3) (u) (7) that N{M/Ep) = E*. Hence, by the norm 

equality = iv|^ o iV|^, N{M/E) = N{Ep/E). As p J(mp and E*"^^ C N{Ep/E), this 
implies that Np{M/E) C N{M/E), as claimed. For the proof of Theorem 3.1 (i) in the 
case of Br(£')p ^ {0}, we need the following lemmas. 

Lemma 3.6. Let E be a field, M E Gal{E), Gp E Sjlp{M/E), for some p eP, Ep 
the fixed field of Gp, L a cyclic extension of Ep in M, and a a generator of G{M/E). 
Assume that p does not divide the index of the commutator subgroup [G{M/E), G{M/E)] 
in G{M/E). Then [{L/Ep, a, c)] E Ker{Ep/E), for every c E E* . 

Proof. Our assumptions show that M n E(j)) — E. Since L — L-^^, for some x ^ 
C{F{p)/F), this reduces our assertion to a consequence of Proposition 2.6. 

Lemma 3.7. With assumptions being as in Theorem 3.1, let M r\E{p) — E. Then 
E* C N{M/Ep) and Np{R/E) C N{R/E). 

Proof. Clearly, one may consider only the special case of R = M ^ E and Br (i?)p ^ 
{0}. Take Gp and Ep as in Lemma 3.6 and put nip — [Ep-.E]. We show that E* C 
N{M/Ep). Asp )(mp, PE/Ep maps Br(£')p injectively into Br(£'p)p. Therefore, Br(£'p)p 7^ 
{0} and since Ep is p-quasilocal, (2.3) (ii) (a) and (/5) indicate that it is sufiicient to prove 
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the inclusion E* C N{L/Ep), for an arbitrary cyclic extension L of Ep in M. By [27, Sect. 
15.1, Proposition b], this amounts to showing that [{L/Ep,a,c)] = in Br{Ep), for each 
c G E*, where a is a generator of G{L/Ep). As g.c.d. (rrip, p) = 1 and PE/Ep maps Br(£')p 
surjectively on Br(£'p)p, Cor Ep/E induces an isomorphism Br {Ep)p = Br{E)p (cf. [35, 
Theorem 2.5]). This, combined with Lemma 3.6, implies that [(L/E'p, cr, c)] = 0, c e E*, 
as claimed. Hence, E* C N{M/Ep) and C N{M/E), which proves Lemma 3.7. 

Lemma 3.8. In the setting of Theorem 3.1 (i), let M e Gal{E) and G{M/E) e Sol. 
Then Np{M/E) n N{Mxh,p/E) C N{M/E). 

Proof. It is sufficient to prove the lemma under the hypothesis that N[M' / E') includes 
Np{M'/E') n N{M'j^y^p/E'), whenever E' and p satisfy the conditions of Theorem 3.1, 
M' G Gal(E'), G{M'/E') G Sol and [M':E'] < [M:E]. As in the proof of [5, Theorem 
1.1], we first show that one may assume further that G{M/E) is a Miller- Moreno group (i.e. 
nonabelian whose proper subgroups lie in Ab). Our argument relies on the fact that the 
class of fields satisfying the conditions of Theorem 3.1 is closed under the formation of finite 
extensions. Note that if G{M/E) is not Miller- Moreno, then it has a subgroup H ^ Ab 
with [H,H] normal in G{M/E). Indeed, one can put H = [G{M / E),G{M / E)] in case 
G{M/E) ^ Met, and take as H any nonabelian maximal subgroup of G{M/E), otherwise. 
Let F and L be the fixed fields of H and [H, H] , respectively. It follows from Galois 
theory and the choice of H that L G Gal{E), M fl E^h ^ L and E ^ L ^ M, so our extra 
assumption and Lemma 2.1 lead to the conclusion that Np{L/ E)r\N{MAh,p/E) C N{L/E) 
and Np{M/F)r]N{L/F) C N{M/F). Let now be an element of A^p(M/i)nA^(MAb,p/-E), 
and A G L* be of norm N^{\) = p. Then iV|(A)^ G Np{M/F), for some k eZ such that 
p A k. Therefore, iV^(A)'= G N{M/F) and /x'^ G N{M/E). As /i G Np{M/E), this 
implies that G N{M/E), which gives the desired reduction. In view of (2.3) (ii) (/3), 
Lemma 2.1 and Galois theory, one may assume that G{M/E) is a Miller-Moreno group 
and G{M/E) ^ Nil. Denote by 9 the order of [G{M / E),G{M / E)]. The assertion of the 
lemma is obvious, if p so we suppose further that p\6. By Miller-Moreno's classification 
of these groups or by Schmidt's theorem (cf. [29, Theorem 445] and [34, Theorem 26.1]), 
G{M/E) has the following properties: 

(3.2) [G{M/E),G{M/E)] is a minimal normal subgroup of G{M/E), which lies in 
Sjlp{M/E) n Ab and has exponent p. Also, G{M/E)/{[G{M/E), G{M/E)]) ^ C^,., with 
C^u c G{M/E) cyclic of order tt^, for some tt G P and n G N. The centre of G{M/E) 
equals the subgroup of Cj^n of order tt"'"-'^, and 6 = p'^, where k is the order of p modulo tt. 

It follows from (3.2) and Galois theory that [Epi E] = tt", where Ep = M n EAh- 
Hence, by Lemma 3.7, E* C N{M/Ep) and E*""" C N{M/E). Since N^^{r]) = r]P\ for 

k 

every ry G Ep, we also have N{M/Ejj^-^ C N{M/E), so Lemma 3.8 is proved. 

It is now easy to complete the proof of Theorem 3.1 (i). Put Mq = Mni?soi, and denote 
by Hp and nip the maximal divisors of [Mq: E] and [M: E], respectively, for which p Kiipmp. 
Using Corollary 3.5 as well as the inclusion (M fl -^Ab) ^ Mq, and applying Lemma 
3.8 to Mq/E and Lemma 3.7 to M/Mq, one obtains that N{M/E)'^^ C N{Mq/E) and 
j^*fhp ^ pfi^M/MQ), where rhp = mp/iip. Hence, by the norm identity = N^°oN^^, 
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we have N{M/E)H C N{Mq/E)'^^ C N{M/E), i.e. rup is divisible by the exponent of 
N{M/E)Ah/N{M/E), so Theorem 3.1 (i) is proved. 

Remark 3.9. Theorem 3.1 (i) plays a role in the proof of the first of the following 

two results (see the references in [6, page 384]): 

(i) There exists a nonreal SQL-field E, such that Ge is not pronilpotent but is 
metabclian and every finite extension i? of in £'sep is subject to the alternative R C E-!<ii\ 
or N{R/E) 7^ N{Q/E), 6 G n{E). 

(ii) Let F be a formally real quasilocal field and $ a finite extension of F in Fgep. We 
have already proved that then Gp is metabclian, Fnh = F{^—1), $(a/— 1) G Gal(F), and 
Pf/^o surjective, for each formally real field $o ^ Note also that the following 
conditions are equivalent: (a) N{^/F) = A^($/F)Ab; (b) Pf/<s>(^^) is surjective; (c) 
cdi(Gi?) — 1: t & P \ {2}, t|[$: F]; when F is not SQL, this holds in infinitely many cases 
(see [9, Lemma 2.3 and Remark 3.2]). On the contrary, it follows from [9, Theorems 1.1 
and 1.2] that if F is SQL, then N{^/F) is uniquely determined by the F-isomorphism 
class of hence, $ is subject to the alternative in (i) unless F is real closed. 

Corollary 3.10. Let E be a quasilocal field, and suppose that M e Gal{E) has 

the property that Pf /l surjective, where L is the fixed field of the Fitting subgroup of 
G{M/E). Then N{R/E) = N{R/E) Ah, for each R e I{M/E). 

Proof. In view of Theorem 1.1 (i), one may consider the special case where M ^ L. 
It is easily seen that the exponent of N{L/E)/N{M/E) divides [M:L]. Observe also 
that, by Fitting's theorem, G{M/L) is normal in G{M/E) and G{M/L) e Nil. Hence, by 
Galois theory, the field M_n L{p): = Mp lies in Gal(F) fl I{L{p)/L), and by Lemma 2.1, 
p /f[M:Mp], for any p & P, p\[M:L]. This shows that p does not divide the exponents 
of N{M/Mp) and N{M/E)/N{Mp/E). At the same time, by Proposition 2.3 (iii), Mp/E 
and p satisfy the conditions of Theorem 3.1 (i). Since p /[M: Mp], one deduces from Galois 
theory that MAh,p ^ Mp, so the obtained results imply p does not divide the exponent of 
N{M/E)/N{m/e) Ah either. Thus it follows that N{R/E) = N{R/E) Ah: as claimed. 

It follows from Corollary 3.5 and Remark 3.9 (ii) that the conditions of Theorem 1.1 
(i) guarantee the surjectivity of Pe/r, ior all R e I{M/E). This means that Theorem 
1.1 (i) is a special case of Corollary 3.10. Remark 3.9 (ii) shows that the conclusion of 
Theorem 1.1 (i) is not necessarily true without the assumption that M e Gal(£'). We 
prove in Section 6 that the scope of Corollary 3.10 is larger than that of Theorem 1.1 (i). 

4. On the relative Brauer group of function field extensions 
of arbitrary fields, associated with norm equations 

The results of this Section form the technical basis for the proof of Theorem 1.2 (iii) 
and (iv). The main one is obtained by the method of proving Proposition 2.6, using at 
crucial points (2.3) (ii). Theorem 1.1 (i), the regularity and other known properties of 
function fields of Brauer- Severi varieties and of their transfers over finite Galois extensions 
(see [14, Theorem 1] with its proof). It illustrates the fact that the applications of p- 
quasilocal fields to the study of Brauer groups do not restrict to stable fields with Henselian 
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valuations (see Section 6) and to the corestriction mapping. In what follows, we use the 
abbreviation tr-degree of the transcendency degree of an arbitrary field extension. 

Proposition 4.1. Let E and Mi, . . . , Ms he fields, and for j = 1, . . . , s, suppose 

that Mj G Gal(-E'), [Mj-.E] — nj, N^^/e = ^Mj/E^^j) norm form of Mj/E in an 
rij-tuple Xj = {Xj^i, . . . , Xj^rij) of algebraically independent variables over E, Cj G E* , 
and A{Mj/E;Cj) is the fraction field of the quotient ring E[Xj]/{NM/E ~ Cj)- Then the 
field A = ®^j^^h.{Mj/E;Cj), where ® = ®e, has the following properties: 

(i) A is regular over E and [M A)/M is rational of tr-degree Xlj=i(% ~ 1)/ 

(ii) Br(A/£') equals the group Bc{M/E) = {[{Lj/E, aL^^/EjCj)], j — where 
Lj runs across the set of cyclic extensions of E in Mj, and (Jl-ie is a generator of 
G{Lj/E). In paHicular, if Cj G N{Mj/E), j = l,...,s, then Bt{a/e) = {0}. 

Proof, (i): For each index j, Mj[Xj]/{NM/E — Cj) is a domain, its fraction field 0j is 
rational over Mj of tr-degree fij — l, and G{Mj/E) acts on Gj as a group of automorphisms. 
Therefore, Qj/Mj is regular and A{Mj/E; Cj) is the fixed field of G{Mj/E) in Qj. In view of 
[21, Ch. VII, Proposition 20], this implies Qj G Gal(A(Mj/E; c^)), G{Qj/A{Mj/E;cj)) ^ 
G{Mj/E) and Mj fl A{Mj/E; Cj) = E. It is now clear that A{Mj/E; Cj)/E is regular and 
Qj ^E Mj ®E ^{Mj/E; Cj), so Proposition 4.1 (i) can easily be proved by induction on s. 

(ii) If s > 2, then A is E'-isomorphic to ®^Z];A^-, where ® = 0a(m^/e-Cs) ^ind A^- = 
A{Mj/E; Cj)®E A{Ms/E; c^), j = 1, . . . , s — 1. Thus our proof reduces to the case of s = 1. 

To simplify notation, put M = Mi, c — ci, n — ni and X^ = for w = 1, . . . , n. 

The extensions of E considered in the rest of our proof are assumed to lie in I{Q/E), 
for some algebraically closed extension of £■ of countable tr-degree. In what follows, 
B = {^u' u = 1, . . . ,n} denotes the basis of M/E with respect to which Nm/e is defined, 
Y = and / stands for the image in MA{M/E;c) of any polynomial / G 

M[Xi,...,Xr,]. Recall that MO G Gal(O) and G(MO/0) ^ G{M/E), for any O G l(e/E) 
with nnM = E. In addition, then I {M/E) is mapped bijectively on /(MO/O), by the 
rule D — > DVt. Moreover, D G Gal(i?) if and only if DVt G Gal(O); when this is the case, 
one may identify when necessary G{D/Dq) with G{DVt/ DqVL), for any Dq G I{D/E). 
Note that the norm map Ng^^ extends Ng^^. Let R G I {M/E), [R:E] = r, V'lj-.-jV'r 
the i?-embeddings of R into M, and for each index k < r, let t/jk be an automorphism of 
M extending ipk, and pk = Y[cT^G{M/R)('^'^k^)(^)- i^ easily seen that pi, . . . , pr-i are 
algebraically independent over R, Y[ft=i Pk — c and pk G RA{M/E; c), k = 1, . . .r. Hence, 
the above observations and the transitivity of norms in towers of finite ext^sions lead 
to the conclusion that RA{M/E;c) is /^-isomorphic to <Sir of the fields A{M/R;c) and 
A{M/R; Pk), k — 1, . . . ,r — 1, where R ~ R{pi, • • • , Pr-i) and M = MR. This enables us 
to complement Proposition 4.1 (ii) as follows: 

(4.1) The sum of groups Br{A{M / R; c) / R) and Br(A(M/^; p^)/^), k=\,...,r-l, 
is direct and equal to Bt{RA{M/E; c)/R). Also, Bt{RA{M/E; c)/R) = Bt{A{M/R; c)/R). 

Note that c G N{MA{M/E;c)/A{M/E;c)), since ^^M/Xf^^ extends . In view 
of [27, Sect. 15.1, Proposition b], this implies that Bc{m/e) C Bt{{MA{M/E;c))/ 
A{M/E;c)). We prove the converse implication. By [14, Theorem 1], there is B{M/E) G 
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I{Q/E) which is ^'-isomorphic to of function fields of Brauer-Severi varieties, such 
that Br{B{M/E) /E) = B^iM/E). This ensures that E is algebraically closed in B{M/E). 
Therefore, considering M B{M / E) / B{M / E) instead of M/E, one obtains that Proposi- 
tion 4.1 (ii) wiU follow, if we show that Br((MA(M/E; c))/A{M/E;c)) = {0} in case 
Bc{M/E) = {0}. Applying Theorem 1.2 (i) and the concluding statement of Theorem 1.2 
(ii) as in the proof of Proposition 2.6 in [10] (with E instead of Eq), and using Theorem 
1.1, one sees further that it suffices to prove the final assertion of Proposition 4.1 (ii). 
Suppose first that [M: E] = p, for some p eP. We show that Br(A(M/£;; c)/E) = {0} by 
proving the following statement: 

(4.2) If c e N{M/E), then A{M/E; c)/E is rational of tr-degree p-l. 

It is sufficient to establish (4.2) in the case of c = 1. Fix a generator a of G{M/E) 
and put Y, = As Nj^^^^^J,f^'^\Yi) = 1, Hilbert's Theorem 90 yields 

Yi = Za(Z)-\ for some Z G M[Xi, . . . , Xp]. Clearly, XZa{XZ)_-^ = Fi, for each 
A e A{M/E; c)*. Denote by Wi{X), Wp{X) the coordinates of XZ in A{M/E; l)_with 
respect to B. Observe that A can be fixed so that Wp{X) e E. Since Yi, . . . ,Yp_i 
form a tr-basis of MA{M/E; c)/M, the choice of A guarantees that VFi(A), . . . , Wp_i(A) 
are algebraically independent over E. Note finally that the equality Yi = Za{Z)~^ im- 
plies that Xi e E{Wi{X), . . . , Wp_i(A)), for i = 1, . . .p, so it follows that A{M/E; c) = 
E{Wi{X), . . . , li^p-i(A)), proving (4.2). 

Assume now that [M: E] = p^, for some p e P{E) and e N, A; > 2. Proceeding by 
induction on k and using the fact that finite extensions of E are quasilocal, one obtains 
that it suffices to prove Proposition 4.1 (ii) when c G N{M/E), under the hypothesis that 
its conclusion holds in general, for every Galois extension $/$o of degree < p'', where 
u eN. This ensures the validity of (4.1) for M^/i?o whenever G Gal(£;), E C Rq C 
Ml) C M and [M^: Rq] < p^ . It is well-known (see e.g. [21, Ch. I, Sect. 6; Ch. VIII]) 
that Gal(-E') nI{M/E) contains fields . . . , i?^, such that [Rj: E] = p\ j = 1, . . . and 
C for J > 2. Put if, = G{M/R^), = (H^.^h, hj{Y)), Sj = {r,iy,): Tj G 

G{Rj/E)} and Rj = Rj{Sj), for j = l,...,/c. It is easy to see that G{Rj/E) is an 
automorphism group of Rj whose fixed field, say Nj, is i?-isomorphic to A{Rj / E; c) and 
satisfies the equality Nj{Sj) = Rj {Sj will be viewed as a standard generating set of Rj/Rj 
in A{M/E; c)). To prove that Br(A(M/£; c)/E) = {0} we show (setting = $o = E) the 
existence of a tower of field extensions Ti, Bi, . . . , T^-i, B^-ii T/- of Ni satisfying 

the following conditions, for each index j >1: 

(4.3) (i) Tj/^j_i is rational of tr-degree p^ and contains Nj as a subfield; more 
precisely, Tj is a transfer over Rj^j-i to of a rational function field Tj = $j_i(Z-, j), 
such that the compositum of Rj and the transfer T' of Tj over (i?j$j_i)/ (i?j_i$j_i) 
includes the set = {rj(yj), rj G G{Rj/Rj-i),Tj ^ 1}. Specifically, the union 
{Zj^i} U is a tr-basis of (i?jTj_(^._-^p/(i?j$j_i). 

(ii) Bj is an (i?jTj )/Tj-transfer of an extension Bj of RjTj isomorphic to a tensor 
compositum over RjTj of function fields of Brauer-Severi (i?jTj )-varieties, and such that 
BT{Bj/RjTj) equals the sum Tj of the images of the groups Br(A(Mi?j/i?j; Sj)), Sj G Sj, 
under p~ In particular, Tj is algebraically closed in Bj. 
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(iii) BT{Bj/Tj) equals the image of Tj under Cor(^^.y^.)/y^. , and Tj fl Br($j_i) = {0}. 

(iv) is p-quasilocal, Bj C Bj is algebraically closed in and Br($j/Sj) = {0}. 

The first part of (4.3) (iii) and the second half of (4.3) (ii) are implied by the first part 
of (4.3) (ii) and the following lemma. 

Lemma 4.2. With assumptions being as in Proposition 2.8, suppose that M e 
Gal(F) . Then MA is ®m of function fields of Brauer-Severi M -varieties and A' em- 
beds canonically in MA as an M-subalgebra. Moreover, E is algebraically closed in A and 
Br(A/£') coincides with the images o/Br(A'/M) and Br(MA/M) under Cor m/e- 

Proof. The assertion about Br(A/£') has been deduced from Lemma 2.4 in [10, Sect. 
2] . The other conclusions of the lemma follow from its assumptions and Galois theory (see 
the beginning of [30, Sect. 3], for more details). 

Statement (4.3) (ii) and the properties of cyclic algebras described in [27, Sect. 15.1] 
guarantee that Sj C N{IjBj/ RjBj), for every Ij e I{M/Rj) cyclic over Rj. As Bj is 
separably closed in $j, this means that Sj C N{Ij^j/Rj^j), so it follows from Galois 
theory and the p-quasilocal property of $j (apply (2.3) (ii)) that Sj C N{M^j/Rj^j), for 
each admissible j. These facts enable one to deduce (4.3) (i) from the following lemma. 

Lemma 4.3. Assume that E is a field, R, L and M lie in Ga^i?), R C L C M , 
[L: R] — p and [M:E] — p^ , for some p G P{E), k E N. Suppose also that the inductive 
hypothesis holds and fix an element p e N{M/R) so that c = N§{p). Then A{L/R; p) e 

/R), for a rational extension Q' of R satisfying the following conditions: 

(i) O' is rational over A{L/R;p) and has tr-degree p over R; also, Q' is the L/R- 
transfer of a rational extension Oi of L in one indeterminate; 

(ii) The L/ E-transfer Vt of Vti is rational over E of ti- degree [L:E]; 

(iii) The R-algebra ®rK[L/ R]t{p)), where r runs across G{R/E), is isomorphic to 
a field Aji e I{RQ/R), such that RQ/Aji is rational of ti-degree [R: E]. 

Proof. It is clearly sufiicient to consider the special case where p = 1. Identify- 
ing G{L/R) with G{LA{L/R;1)/A{L/R; 1)), fix a generator a of G{L/R) and take ele- 
ments yi G LA{L/R; 1): i = 1, . . . so that nf=i Vi — 1' iVi^ • • • ? Vp-i} ^ tr-basis of 
A{L/R;1)/L and yi = o"*~^(yi), for each index i. Note also that LA{L/R]1) is a sub- 
field of a rational function field L' — L{zi, . . . , Zp) with generators subject to the relations 
Zi/z~^i =j/i, z = l,...,p— 1. This guarantees the existence of an ^^-automorphism d of 
L' extending cr, and such that d{zp) = zi and a{zi) — -Zi+i, i < p. Therefore, G{L/R) 
can be viewed as a group of automorphisms of L' whose fixed field Q' includes A{L/R; 1). 
Since, by Hilbert's Theorem 90, yp — Wpa{wp)~^ , for some Wp G LA{L/R; 1), it follows 
that for some z E Vt' transcendental over A{Mo/E; 1). Thus it becomes clear 

that n' = A{L/R; l){z) and L' = LA{Mo/E; l){z). Putting = L{zi) and applying [30, 
Lemmas 3.1 and 3.2], one completes the proof of (i) and (ii). Statement (iii) is implied by 
(i), (ii) and the definition of the transfer map. 

The latter assertion of (4.3) (iii) follows from the former one and our next lemma. 

Lemma 4.4. In the setting of Lemma 4-3, let An be the field <^t-^g{r/ E)-^iM / R; t{p)), 
where <S> = <S>r- For each r G G{R/E), identify A{L/R; r{p)) with its canonical R- 
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isomorphic copy in A{M/R; t{p)), and denote by 'S't-(p) the standard generating set of 
LA{L/R; t{p))/L in A{M/R;t). Also, let ^lAh be the sum of the images of 
Br(A(M(5'^(p))/L(5'^(p)); under pL^s^(p))/L.Xn' wherer runs across G{R/E) and, for 

each T, St(p) runs across 'S'^(p)- Then the image Ae ofT^LKn under Cor(£f2)/f2 o pl\^/lq 
intersects trivially with Bt{E). 

Proof. The assertion is obvious in the case where E is finite, since then Br(£') = {0}, 
by Wedderburn's theorems. Suppose further that E is infinite, denote by the image 
of T,LAn under P(LAn)/{Ln), let G{L/E) = {cpi, . . . ,ipi}, cpi = 1, [L: E] = I, and take 
a tr-basis Zi,...,Zi of LQ/Q so that L{Zi) = Oi and Zj = (f>j{Zi), for each index j. 
Statement (4.1) and the inductive hypothesis on M/E imply that C Br(MO/LO) 
and Ae ^ Br(Mn/0). In addition, it follows from Lemma 4.3 (n) that Br{E) n Ae ^ 
Br (M/E). Denote by the Z-dimensional affine L-space, and for each d eN, let Af^^^ = 

{(af, . . . , af): ai e L* and = <^i(ai),z = 1, . . . , Z}. Observing that L is algebraic over 
E{Zf Zf)., and using (4.1), the infinity of E and the definition of the corestriction 
mapping, one proves the following: 

(4.4) (i) The sets and A'^^^: d e N, are dense in in the sense of Zariski; 

(ii) A''j^i^ possesses a subset U ^ (f), Zariski-open in and such that each specializa- 
tion of {Zi, . . . , Zi) into U induces group homomorphisms ttl'- {Bt(M/L) + A^) — > Br(L) 
and tte' {Br{M/E) + A^) Br(£') satisfying the equality Corj^/^oTTL = tt^; o Cor(i,f2)/n) 
and acting as the identity on Br (M/L) and Br{M/E), respectively. 

Statement (4.4) (i) and [27, Sect. 15.1, Proposition b] ensure the existence of many 
specializations for which A^ C Ker(7rL). This implies that A^; C Ker(7r£;) and Br(£') n 
Ae = {0}, so Lemma 4.4 is proved. 

We are now in a position to complete the proof of (4.3) and Proposition 4.1. The 
existence of B'j satisfying the conditions in the first part of (4.3) (ii) is obtained by ap- 
plying [14, Theorem 1]. Statement (4.3) (iv) follows from Lemma 2.4, so (4.3) holds and 
Bi{Tk/E) = {0}. Since, by (4.3) (i), Nk G I{Tk/E) and Nk is E-isomorphic to A{M/E; c), 
this proves Proposition 4.1 (ii) in case M C E{p). 

For the proof in general, take Gp and Ep as in Lemma 3.6. By Lemma 2.2, 
c e N{M/Ep), so (4.1) and the established special case of our assertion imply that 
Br{EpA{M / E\c)) / Ep) = {0}. It is now easy to see that Br(A(M/£;; c)/E)r)BT{E)p = {0}, 
for every p e P (see [27, Sect. 13.4]), which completes the proof of Proposition 4.1 (ii). 

Remark 4.5. Propositions 2.6 and 4.1 imply that if £■ is a field, M e Gal(£') 

and R E I (M/E), then Covp/E maps Br(A(M/i?; c)/R) into Br{A{M/E;c)/E), for each 
c E E* . Moreover, it follows from the RC-formula that Br(A(M/£'; c)/E) equals the image 
of Br(A(M/i?; c)/R) under Cor^/^, provided that g.c.d.{[R: E],[M: R]) = 1. 

Proposition 4.6. Let E be a field, Q an algebraically closed extension of Egep, 
s a positive integer, S, A and Mi, Ai, . . . Mg, A^ lie in I{Vt/E) so that A = Ai...As, 
A n Ssep = E and A = ®j=iAj, where ® — ®e o-nd = is an E -isomorphism. For each j, 
assume that Mj e Gal{E), put = S fl M and let Aj/E be of one of the following types: 

(i) Aj = A{Mj/E; Cj), for some Cj e E*; 
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(ii) ^jjE is an Mj/ E transfer of®Mj of function fields of Brauer-Severi Mj -varieties, 
such that Br(Aj/Mj) is a suhmodule of'Bv{Mj) over the integral group ring Ij[G{Mj / E)]. 
Suppose also that A j = Br(AjEj/Ej) in case (i), and let Aj be the image ofBr{AjMj/Mj) 
under Cor Mj/j:j, otherwise. Then E and E are algebraically closed in A and AE, respec- 
tively, and Br(AE/E) equals the sum of the images Aj of Aj under PEj/E; for j = 1, . . . s. 

Proof. It is clear from Galois theory and the condition A n Egep = E that if F G 
I{'E/E), then F is algebraically closed in AF. For the rest of our proof, suppose first that 
s = 1. It follows from Galois theory and the definitions of A and of the transfer map that 
A/E and AE/E are of one and the same type relative to Mi/E and MiE/E, respectively. 
In addition, if A/E is of type (ii), then direct calculations show that the mappings of 
Br(Mi) into Br(E) defined by the rules Cor7v^^x;/E°PMi/MiE and /OEi/EoCorAf^/xii coincide. 
Applying now Proposition 4.1 and (4.1) in case A/E is of type (i), and using Lemma 4.2, 
otherwise, one proves that Br(AE/E) = Ai, as claimed. It remains to be seen that the 
concluding assertion of Proposition 4.6 holds in the case of s > 2. Consider the fields A, 
E = Ai . . . As_i, E = "EE and MgE instead of A, E, E and Mi, . . . , Mg, respectively. It 
is not difficult to deduce from Galois theory and well-known properties of tensor products 
and of function fields of Brauer-Severi varieties (see [27, Sects. 9.2 and 9.4] and the proof 
of [14, Theorem 1]) that Br(AE/S) is determined in accordance with Proposition 4.1, for 
s = 1, and equals the image of Br(AsEs/Es) under p ~. Proceeding now by induction 

Eg / E 

on s and applying the inductive hypothesis to Br(E/E), we complete our proof. 

5. Proof of Theorem 1.2 

Let Eq be an arbitrary field. Theorem 1.2 will be proved by constructing £■ as a 
union of a certain tower of fields E^'- n G N, such that Eq C Ei and E^-i is algebraically 
closed in E^, for every index n. It should be emphasized that the proof of Theorem 1.2 (i) 
and of the latter part of Theorem 1.2 (ii) in the special case where x — Fin does not use 
Proposition 2.8 in full generality and is independent of Propositions 2.6, 4.1 and 4.6 (i) 
(but relies on Lemma 4.2 and Propositions 3.4 (c), 4.6 (ii)). In order to ensure generally 
that our construction has the desired properties we also need the following lemmas. 

Lemma 5.1. Let E and M be fields, and x o,n abelian closed class, such that Nil C x, 
M G Gal(F), G{M/E) ^ x and G{L/E) G x, for L G Gal{E) n I{M/E), L^M. Then: 

(i) G{M/E) is simple or has a unique minimal normal subgroup Gq; in the former 
case, G{M/E) ^ Sol; 

(ii) If G{M/E) is not simple, then Gq G Ab if and only if G{M/E) G Sol; in this 
case, X = Nil; 

(iii) If G{M/E) G Sol, then Gq C [G{M/E),G{M/E)] and Go G Sjlp{M/E), for 
some p e P not dividing the order of G{M/ E)/Gq. 

Proof. Suppose for a moment that G{M/E) has normal proper subgroups Hi and 
i^2, such that Hi fl H2 = {1}. Then Galois theory and our assumptions ensure that 
G{M/E)/Hj G X, for j = 1,2. Hence, by the choice of x, it contains G{M/E)/Hi x 
G{M/E)/H2, and since G{M/E) embeds canonically into G{M/E)/Hi x G{M/E)/H2, 
this requires that G{M/E) G x? ^ contradiction proving Lemma 5.1 (i). In the rest of 
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the proof, we may assume that G{M/E) has a unique minimal normal subgroup Gq. It is 
well-known that if G{M/E) G Sol, then Gq G Ab and Gq is of exponent p E P. Conversely, 
if Go G Ab, then x could not be abelian closed (by Galois theory and the assumptions on 
M/E), so the conditions on x guarantee that it equals Nil. Since Sol is closed under the 
formation of group extensions, this proves Lemma 5.1 (ii). Suppose finally that G{M/E) G 
Sol and fix a group Gp G Sj\p{M/E). As G{M/E) ^ Nil and Nil is a saturated group 
formation (in the sense of [34]), Gq is not included in the Frattini subgroup of G{M/E). 
Hence, G{M/E) = GqH, for some maximal subgroup H of G{M/E). In view of Lemma 
5.1 (h), this means that Gq n = {1} and H ^ G{M/E)/Gq. In particular, H G Nil, 
which implies that Gp is normal in G{M/E). The centre Z{Gp) of Gp is characteristic in 
Gp, so the obtained result shows that Z{Gp) is normal in G{M/E). As Gq fl Z(Gp) ^ {1} 
(see [21, Ch. I, Sect. 6]), the minimality of Gq implies that Gq C Z{Gp). It is now easily 
seen that the group Hp = Gp (1 H is normal in G{M/E). Since Hp fl Go = Lemma 
5.1 (i) yields Hp = {1}. Note finally that if Go ^ [G{M/E),G{M/E)], then Gq must be a 
direct summand in G{M/E). This, however, means that G{M/E) = Gq x G{M/E)/Go, 
which contradicts the assumption that G{M/E) ^ Nil, and so proves Lemma 5.1 (iii). 

Lemma 5.2. Let ^, L and M be fields, such that L,M e Gal($), and let p E P 
be a divisor of [M: L fl M]. Suppose that Rp and Yp are the fixed fields of some groups 
Hp G Sylp (L/L n M) and Hp G Syl^ (M/L fl M), respectively, and Sp ^ be an element of 
Ker{Yp/L n M). Then Py,/{r,y,){5p) ^ iMRp/RpYv)- 

Proof. It is easily verified that [RpYp-. L n M] = [Rp-. L n M] [Yp. L n M]. This implies 
that p j([RpYp:Yp\, whence pYp/{R^Yp){^v)- = 7^ 0. Also, it follows that Cor(^^^Yp)/^^ (5p) 
= P{LnM)/R^(GoYE^/{LnM){^p)) = 0. On the other hand, if 5p = Pi?p/(i?^yp)(5p), for some 
dp G Br{Rp), then the RC-formula yields Cor (^ji^Yp)/Rp{^p) — ^p^^ 0; where nip = 
[Yp-. L n M]. The obtained contradiction proves our assertion. 

Let -B be a field and M G Gal(£'). Before stating our next lemma, we denote by 
N{M/E)(.yc the intersection of the norm groups of cyclic extensions of E in M. By 
Proposition 4.1, N{M/E)^y^ = {c G E*: Bt{A{M/E;c)/E) = {0}}. 

Lemma 5.3. Assume that E, M and x satisfy the conditions of Lemma 5.1, put 

Mq = MnE^, take a divisor p eP of [M: Mq], and suppose that Hp G Sylp(M/Mo), Yp is 
the fixed field of Hp, and c is an element of E*\N{M/Yp)cyc- Let also Mi, . . . , Mg be fields 
lying in Gal{E), for some s G N, and letQ, Ai, . . . , A^ and A be extensions of E associated 
with Ml, . . . , Mg as in Proposition 4-6. Then c ^ A^(MA/l^A)cyc in the following cases: 

(i) (Ml . . . Ms) n M C Mq and x Nil; 

(ii) Mi C E^w and Aj = K{Mi/ E; Ci), for some Ci G E*, and i = 1, . . . , s; 

(iii) For each index j , Aj is of type (ii) (in the sense of Proposition 4-6) and 
Br{MjAj /Mj) C KerMj/Lj, where Lj G Gal(i?) is chosen so that Lj C Mj C Lj{pj), for 
some pj G P. In this case, Br(l^A/l^) = {0}. 

Proof. Arguing as in the concluding part of the proof of Proposition 4.6, one reduces 
our considerations to the case of s = 1. As -E, M and x satisfy the conditions of Lemma 
5.1, we have M C Mi or M fl Mi C Mq. Our first objective is to prove Lemma 5.3 (iii). 
Observe that if M C Mi C Li{pj), then Br(ypA/yp) = {0}. Indeed, it follows from Galois 
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theory and the assumptions on M/E that M C Li except, possibly, in the case of x = Nil 
and pi = p. When x = Nil and pi = p, we have Yp = Mq C Li. It is therefore clear from 
Lemma 4.2 that Br(ypA/yp) = {0}, as required. The same assertion is implied in the case 
of Li n M ^ M by Proposition 4.6, since then CorLi/{LinM) is injective and Li fl M C 
Mo C Yp. Hence, by Galois theory and [27, Sect. 15.1, Proposition b], c ^ N{MA/YpA)cyc, 
so Lemma 5.3 (iii) is proved. Assume now that M n Mi C Mq, Hp e Sylp(MoMi/Mo) 

and Rp is the fixed field of Hp. It follows from (4.1) and Proposition 4.1 that if x 7^ Nil, 
then Br {RpYp A /RpYp) is the image of Br{RpA/Rp) under Pr^/^r^y^). When x = Nil, 
Ml . . .Ms C Mo, which enables one to obtain similarly that Br{KpA/ Kp) fl BY{Kp)p is 
the image of Br(A/£') n Br(£')p under PE/Kpi foi" Kp — Rp,RpYp. On the other hand. 
Lemma 5.1 and Galois theory show that Lemma 3.6 applies to {M/E,p), if x = Nil, and 
to {M/Mo,p), otherwise. In view of Lemma 5.2, these observations prove Lemma 5.3. 

Let now £'0 be an arbitrary field, Tq a subgroup of Br(£'o) and -Rpin a system of 
representatives of the isomorphism classes of finite groups. Replacing, if necessary, £'0 
by its rational extensions of sufficiently large tr-degree, one easily reduces (e.g., from [27, 
Sect. 19.6]) our considerations to the special case where T is a divisible hull of Tq. Note 
further that Eq has a regular PQL-extension Eq, such that Br^E^/ Eq) — {0} and Br(£'o) 
is divisible (apply [10, Lemma 1.4], proved on the basis of (2.2)), so one may assume for 
the proof that Tq = T. It is known [39] that each profinite group G is (continuously) 
isomorphic to G{L{G) / K{G)), for some rational extension L{G) / E of countable tr-degree 
and a suitably chosen K{G) E I{L{G)/E). Since Br{L{G)/E) = Br{K{G)/E) = {0}, this 
applied to the case in which G is a topological product of the groups in -Rpin, allows us 
to assume for the proof of Theorem 1.2 that all G e Fin are realizable as Galois groups 
over Eq. It follows from the choice of Eq that it has Galois extensions Eo,i and So,2 in 
-E'o.sep; such that Eo,i fl E0.2 = E and each G G Fin is isomorphic to G{Yj/E), where 
Yj G Gal{E) and Yj C Eqj, for j = 1,2. Our objective is to prove the existence of a 
quasilocal extension E/Eq with the properties required by Theorem 1.2. The field E will 
be obtained as a union U^^iE^ of an inductively defined tower of regular extensions of Eq. 
Suppose that the field E^ has already been defined, for some integer A; > 0, and denote by 
Tfc the image of Tq = T under Peo/e^- ^fc is divisible, it is a direct summand in Br(i?jt), 
i.e. Br(E'fc) possesses a subgroup T(., such that Tj^+T^ = Br{Ek) and Tj^nT^ = {0}. Hence, 
by [14, Theorem 1], there is an extension A^ of E^, such that Br{Ak/Ek) — T'^ and A^ 
is presentable as of function fields of Brauer-Severi E'fc- varieties; in particular Ak/E^ 
is regular. Identifying Ek,sep with its E'^-isomorphic copy in A^^sep, put 'Ekj = T^ojAk, 
for j = 1,2. The regularity of A^/Ek ensures that Ej. is algebraically closed in A^, so it 
follows from Galois theory that "Ek.i/^k and Ejt,2/^/t have the same properties as T,q^i/Eq 
and So,2/-E'o- Denote by Zk the extension of A^ defined as follows: 

(5.1) (a) If X = Nil, then = '^k,i H A^^^' in case x' 7^ Nil, and Z^ = A^, otherwise. 
{(3) If X 7^ Nil, then Z^ = Afc^^(Efc,i fl A^^^/) in case x' 7^ X, and Z^ = A^^^, otherwise. 

Let now M^ G Gal(Afc) and W{Mk) be a tensor compositum over M^ of function 
fields of Brauer-Severi Mfe-varieties, such that Br(VF(Mfe)/ M^) = Ker(Mfc/Afc). Denote by 
W{Mk/Ak) the Mfc/Afc-transfer oiW{Mk) and put I^(Mfc)' = MkW{Mk/Ak). It is known 
that Br(I^(Mfe)V Mfc) = Br(I^(Mfe)/Mfe), and by Lemma 4.2, Br(I^(Mfc/Afe)/Afc) = {0}. 
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Denote by Wk the tensor compositum over of the fields W{Mk/Ai.), taken over aU 
Mk G Gal(Afc), Mk ^ Zk- It is easily obtained from Galois theory and case (ii) of 
Proposition 4.6 that is algebraically closed in Wk and Br(Wk/ A.^) = {0}. For each 
p eP, let Q{Wk)p be the set of all pairs Wk,p = (M^^, VT^ p) G Gal(W^fc) x Ga\{Wk), for 
which W^^ p e liWUWl^). Replacing Ker(CorM,/Aj by ker(Corw.^^/M^^) n Br(H^^ 

attach to each Wk,p G Q{Wk)p a field extension W{Wk,p)/Wl^ ^ in the same way as 
W{Mk)/Mk is associated with (Afc,Mfc), and let W{Wk,p; W^^^/Wk) be the W'^^^/Wk- 
transfer of W{Wk,p)- Consider the tensor compositum @k over Wk of the fields W{Wk,p] 
Wj^^p/Wk): P ^ P, Wk,p G Q{Wk)p- By Proposition 4.6 (ii), Wk is algebraically closed in 
©fc and Br(Gfc/Wfe) = {0}. Observing further that Sol equals the intersection of abelian 
closed group classes, and applying Lemmas 2.2 and 5.3, one obtains the following result: 

(5.2) If E'f^/Ek and x satisfy the conditions of Lemma 5.1, then Jkf\N {E'^/ {E'^r\Ek,x)) 
coincides with Jk n N{E[.Qk/{E'k fl Ek,x)^k) in the following cases: 
(i) X = / U Sol, G{E'J{E'^ n Ek,^')) ^ Sol and Jk = E'^^n Ek,^'. 
(n) X = X U Sol, G{E'jEk) G x', Jk = E'^r\ Ek,^, G{E'J Jk) ^ Sol and E'^ C E^s^^fc- 
(in) X = X = Nil, G{E'jEk) G Sol, = Ek, and in the case of x' ^ X, K ^ So,2^fc. 

Putting 0fc = 0/s and Ek+i = ©a; in the cases of x' = Fin and x = Fin, respectively, we 
continue the presentation of the inductive step in our construction with the definition of the 
extension Qk/^k in the case where x! ^ Fin. Let Un(efc) = {©'^ G Gal(©A;): ^(©^/(©fc n 
©fc,x')) ^ Sol}, and let Qk/'^k be a rational extension with a tr-basis X = {-^g'^- ©a; ^ 
Un(©A;)}. Using notation as in Proposition 4.1, put Ae^ = A{{Q'^Qk)/^k] Xq'^), for each 
©'^ G Un(©fc), where ©'^ = ©^ fl {Qk,x'^k,So\)- Denote by 0fc the tensor compositum 
over flk of the fields A-e'^, ©^ G Un(©/s). It is not difficult to see that ©fe and flk are 

algebraically closed in 0^. At the same time, one observes that Xq'^ ^ N{Ok^k/ Fk^k)i 
for any finite extension Ok of ©^ in ©A;,sep and any Fk G I (Ok/Ok)- Thus it follows that 
the conditions of Lemma 5.3 are fulfilled by Qi^lk/Q'l^k, X~ and any p e P dividing 

[©^:©^]. Identifying ©fc,sep with its ©fe-isomorphic copy in ©A:,sep, one deduces from 
Proposition 4.1 and Lemmas 3.6, 5.3 and 2.2 that Br(Vfc©fc/Vfc) = {0}, for every finite 
extension Vfc of ©fc in ©fc.sep, and also, that Xe; G A^(©fc©fc/©fc) \ A^(©fc©fc/©fc0fc), for 
each ©; G Un(©fc). Hence, by Lemma 2.2, ATq; ^ iV(©fc©fc/0fc), ©fc G Un(©fc). 

Assuming that Afc = ©fc, if x' = X or x' ^ Sol, we give the definition of Afc jander 
the hypothesis that X ¥^ x' Sol. Then x' is abelian closed and Sol C x' ■ Let Z{Qk) = 
©fcEfc,2, Un(©fc)' = {©; Gj3al(©fc):^©', C Z(©fc2, G^©;,/(0', n 0^, J) ^ Sol}, ©',' = 
©fc n (0A;,x^fc,Soi), for each 0'^ G Un(0fc)', and let (ik/Qk be a rational extension with a 
tr-basis X = {X~, : 0'^ G Un(0fc)'}. We define Afc to be the tensor compositum over 0,k 

k 

of the fields A~, = A((0'^'Ofc)/Ofc; X~, ), ©'^ G Un(©fc)'). It is easily seen that ©fc and Ofc 
are algebraically closed in Afc. Note also that X~, ^ N{Ok^k/ FkO,k) in case Ok /Ok is 
a finite extension and Fk G I{Ok/^k)- Hence, Lemma 5.3 applies to 0^f2fc/0^'f2fc, X~, 
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and any p E P dividing [0^:0^]. Identifying Qk,sep cind fife,sep with their isomorphic 
copies in Afe,sep (over ©/.. and Qk, respectively), one deduces from Proposition 4.1 that 
Br(VfeAA;/Vfci^fc) = {0} (and Br(VfcA/(;/Vfc) = {0}), for each finite extension Va; of in 
0fe,sep- Using Galois theory and Lemmas 3.6, 5.3 and 2.2, one also proves the following: 

(5.3Hi) Xe; eN{e'lAk/Ak)\N{Q'^Ak/Q'j^Ak), 6', e Un(Gfc); 
(ii) X~, e N{Q'lAk/Ak) \ N{Q',Ak/Q'lAk), Q', e Un(efe)'. 

We are now in a position to finish the construction of -E^+i and to show that the field 
E = U^^iEn is quasilocal and has the properties required by Theorem 1.2 (i) and (ii). Let 
Ek+i = Afc, provided that x Nil, and suppose further that x = Nil. Denote by Z(A/s)' 
the field Afc^soh if x' = Nil, and put Z(Afc)' = (A^E^ 2) H Afc^soh otherwise. Fix a rational 
field extension O^/A/j with a tr-basis X = indexed by all A'^ G /(Z'(Afc)'/Afc), for 

which A^/Afc satisfies the conditions of Lemma 5.1. Taking as Ek+i the tensor compositum 
over ilk of the fields A((A'^ fl Ak,Nii)-^k/^k', X/^'^), X^'^ G X, we finish the construction 
of It is easily verified that E^+i/En and E/E^ are regular, and that E^ A„, W^, G^, 
Qn and A^ are algebraically closed in E^+i and E^ for all n e N. Hence, by Galois theory 
and the observation preceding statement (5.1), E has the following property: 

(5.4) For each G e Fin and j = 1, 2, there exists Mj{G) e Gal{E)nl{'SojE/E), such 
that G{Mj{G)/E)^ a. 

Note also that pEr,/Er,+i maps T„ bijectively upon Tn+i, for every n e N, and each L e 
Gal(E) has a subfield Lk G Gal(Afe), such that G{Lk/Ak) = G{L/E), for some k e N. 
When Lk C Zk, this implies that LfcAn ^ Z„ and Kcr(Cor(2,j^A„)/A„) C Br(Lfci?„/LA:A„), 
for n > k. Therefore, Peq/e maps Tq = T isomorphically on Br(i?), and whenever L G 
Gal(E) and L C U^^ iZji'. — Zqq, Cor^/^ is injective. Similarly, it follows from Galois 
theory and the established properties of En, A„, 0„ and E^+i that if E' and E'^ lie in 
Gal(£;) and E' C E'p C E'(p), for some p G P, then Br(E^)p n Ker (Cor £;,/£,) = {0}. As 
Br(£') is divisible, these observations show that E satisfies condition (c) of Proposition 
3.4, for O = -Esep and each p E P. Thus it turns out that E is quasilocal and nonreal. 
Applying now Corollary 3.5, one also concludes that Pe/r is surjective, for every finite 
extension R oi E in Zqq. Since, by (5.1), E^^ C Zqo in case x 7^ Nil, the obtained results, 
combined with (1.1) (ii) and Theorem 1.1 (i), prove Theorem 1.2 (i) and (ii). 

It remains to be seen that E has the properties required by Theorem 1.2 (iii) and 
(iv). Our argument goes along similar lines to those drawn in the proof of Theorem 1.2 
(i) and (ii), so we present it omitting details. Let M be a field lying in Gal(i?). Suppose 
first that G{M/{M D E^>)) ^ Sol. Then M = M^E, for some G N, iV4 G Un(e«). 
Since 0,^ is algebraically closed in E, this implies that G{Mi^/Q^) = G{M/E). Let L« 
be a minimal subfield of lying in Un(0fc). Then it follows from the definition of 
E, (5.3) (i) and (5.2) (i) that Xl^ lies in N{L n {E^'Esoi)/E) \ N{L/L n (E^'Esoi)), 
where L = L^E. Hence, by Lemma 2.2, Xl, ^ N{L/E). As N{M/E) C N{L/E) and, 
by Lemma 3.2, N{L n {E^,Eso\)/E) = N{L/E)N{M n (E^.^soi)/^), this implies that 
N{M/E) 7^ N{M n {E^'Eso\)/E). When x' 7^ Nil, the obtained result proves Theorem 
1.2 (iii), since then E'soi Q E-^^i. Similarly, one gets from (5.3) (ii) and (5.2) (ii) that 
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N{M/E) ^ N{M n {E^Eso\)/E) also in case G{M/E) e x', G{M/{M n E^)) ^ Sol and 
M C So,2-E'- Assume now that x = Nil, put Z{E)' = U^=iZ'(A^)', and suppose that 
M C Z{E)' and the pair {M/E, x) is chosen as in Lemma 5.1. Then G{M/E) G Sol and 
our construction of E guarantees that N{M/E) ^ N{M/E)mi- As each M' e Gal{E), 
with G{M' /E) ^ Nil and M' C Z{Ey , possesses a subfield satisfying the conditions of 
Lemma 5.1 with respect to E, this enables one to deduce from (1.1) (ii) and Theorem 1.1 
(ii) that N{M'/E) ^ N{M' /E) Ah- Thus Theorem 1.2 (iii) is proved. For the proof of 
Theorem 1.2 (iv), drop the assumption that x = Nil, let x' X ^-nd take fields Mi{G) and 
M2{G) as in (5.4), for an arbitrary G E x' \ x- As shown in the process of proving Theorem 
1.2 (i)-(ii), then J^q^iEDE^' C Z^o and N{Mi{G)/E) = N {Mi{G) / E) p^. On the contrary, 
Theorem 1.2 (ii), the proof of Theorem 1.2 (iii) and the inclusion Ab C x indicate that 
N{M2{G)/E) ^ N{M2{G)/E)^ = N{M2{G)/E)Ah, so Theorem 1.2 is proved. 

Remark 5.4. With assumptions being as in Theorem 1.2, suppose that Eq is infinite 
of cardinality d > max{(ip: p e P}, where dp is the dimension of the subgroup {tp G 
T: ptp = 0} C T as a vector space over Fp, for each p E P. Analyzing the proofs of (4.3) 
(iv) and Theorem 1.2, one concludes that our construction of the quasilocal field E can be 
specified so that d equals the cardinality of E as well as the ranks of G{E{p)/E) and of any 
Sylow pro-p-subgroup Gp of Ge as pro-7?-groups, for each p E P. Applying [7, II, Lemma 
3.3], one also sees that whenever E/Eq, T and x = Fin are related as in Theorem 1.2, dp 
equals the dimension of the (continuous) cohomology group H'^{Gp,¥p) as an Fp- vector 
space. Moreover, by the same lemma, then the dimension of H^{G{E{p)/E),¥p) is equal 
to dp or zero, depending on whether or not Eq contains a primitive p-th root of unity. 

6. Topological interpretation of Theorem 1.2 
and applications to Brauer groups of fields 

Let £■ be a field, char(£') = g > 0, D{E) and R{E) the divisible and the reduced 
parts of E*, respectively. For each (nonempty group) formation C Fin, put N'^{E) = 
f~^MeGiii{E)N{M/E)ii,. It is easily obtained that E* /N\i,{E) can be canonically viewed as 
a topological group (totally disconnected, see [28, Theorem 9]). Specifically, N<^[E) = 
D{E), if E is perfect and quasilocal, Br(£')p ^ {0}, for every p G (n(£') \ {q}), and 
Met n Finn(s) ^ where Finn(£;) is the class of all G G Fin of orders not divisible by 
any p e P \ Ii{E) (see [7, II, Sect. 2]). With the same assumptions on E, the equality 
N<i,{E) = D{E) holds also when P{E) \ {q} = Jl{E) \ {q} and Ab n Finn(E) C ^. Hence, 
by the isomorphism R{E) = E* /D{E), \1/ induces on R{E) a structure T^^, of a topological 
group. Let be another formation of this kind. It follows from Lemma 3.2 that the 
topologies and T.j.^ are equivalent (T^ ~ 2^*i) if and only if N{M/E) = N[M/ E)(^<^f^<^^-) 
when M G Gal(£') and M C (E^ U -E^J. Clearly, this occurs if and only if T-^ ~ r'(*n*i) 
and Tx^i^ ~ 7'(,fn*i)7 so solving the equivalence problem for T^, and T^^^ reduces to the case 
in which \1/ C Consider now the set of all pairs (x,x') of distinct subclasses of 
Fin satisfying the conditions of Theorem 1.2. A binary sequence a = aij: G flac, 

is called multiplicative, if ak,iai^rn — o,k,m for every {k,l) and {l,m) lying in Qac- When 
P{E) \ {q} = Il{E) \ {q}, such a sequence a{E) can be canonically attached to E, putting 
aij{E) = 1, if Tj ~ Tj, and aij{E) = 0, otherwise. By Theorem 1.1 (i), aij{E) = 1, 
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for all e ilac) provided that Pe/m is surjective, for each M e Gal(£^). This applies 
to the presently known, and conjecturally, to all perfect fields with LCFT in the sense 
of Neukirch- Perils (see [8, Proposition 3.3 and Remark 3.4 (ii)]). Conversely, when a is 
multiplicative and T is a divisible abelian torsion group, one obtains by modifying the 
proof of Theorem 1.2 that there exists a quasilocal perfect field F, such that: 

(6.1) (i) Br(F) = T and all G e Fin are realizable as Galois groups over F; in 
particular, U{F) = P{F) = P. 

(ii) a = a{F) and pPi/M^i) is surjective when a^j = 1 and M(j) e Gal(Fj) fl I{Fj/E). 

The groups D[E) and R{E) are related with group formations as above, also if E is SQL 
and almost perfect (in the sense of [7]). 

Remark 6.1. Let -Rgim be a system of representatives of the isomorphism classes of 
finite simple groups, Sgim = {S C i^gim^ Ab n .Rsim ^ 'S'}, and for each S G Sgim, let S 
be the class of those G e Fin, whose simple quotients are isomorphic to groups from S. 
It follows from the Jordan-Holder theorem that the correspondence S ^ S: S & Sgim) is 
injective and maps Sgim into the set of abelian closed classes. 

Now we turn our attention to the Brauer groups of the basic types of PQL-fields. First 
we present two results which substantially generalize Theorem 1.2 (i) and (ii). They also 
complement Theorem 1.1 (i), [8, Corollary 6.2] and an observation made by M. Auslander 
(see [31, Ch. II, Sect. 3.1]) about the class of fields with trivial Brauer groups. 

Proposition 6.2. Let Eq be a field, Lq a Galois extension of Eq in Eo^sep, S a 
nonempty set of profinite groups, and let T and Tq satisfy the conditions of Theorem 1.2. 
Then there exists a regular field extension E/Eq with the following properties: 

(i) E is quasilocal, Br(£?) = T , Peq/e maps Tq injectively into Bt{E), and all G & S 

are realizable as Galois groups over E; 

(ii) A finite extension R of E in i?sep ^^es in I{LqE/E) if and only if Pe/r is surjective; 
when R ^ I{LqE/E) and p E P does not divide [R: (i? n LqE)], where R C Esep is the 
normal closure of R over E, Bi{R)p properly includes the image ofBr{E)p under Pe/r- 

Proof. The existence of E is proved constructively, and in this respect, our proof is 
very similar to the one of Theorem 1.2 (i) and (ii), in the special case where x — Fin. In 
the first place, it becomes clear that one may additionally assume that Tq = T, all G e S 
are realizable as Galois groups over Eq, and each H G Ab has an isomorphic copy sh G S. 
In this setting, E is obtained as a union Uj^pAn = ^^=oWn = W^^Q&n = UJ^q-^^ 
inductively defined field towers, such that En C C Wn C C En+i, for every index 
n. The extensions An/ En and Qn/Wn are defined in exactly the same way as in the proof 
of Theorem 1.2 (whence they are regular), En+i/Qn are rational of tr-degree 2, and Wn is 
(8)A„ of the fields I^(M^/A^), where Mn runs across Gal(A„) n/(LoA^/An). This ensures 
that E has the properties required by Proposition 6.2 (i) as well as the surjectivity of 
Pe/r-, for every finite extension of i? in LqE. In particular, the regularity of E / Eq and 
the additional conditions satisfied by Eq and S enable one to deduce from Galois theory 
that C(^»(7r)/^>) contains infinitely many elements of order tt, for each $ e L(E/Eq) and 
TT e P. It remains for us to prove the latter assertion of Proposition 6.2 (ii), so we assume 
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further that E, R and R satisfy its conditions. Fix some p E P not dividing 

where V = R H LqE, put Un = U H 0n,sep) for each index n and U G I{R/E), and 
define Imp{V/R) and KcTp{R/V) in accordance with the proof of Corollary 3.5. Using the 
RC-formula and Proposition 2.3 (ii), one obtains that it suffices to establish the inequality 
Imp{V/R) ^ Br{R)p under the extra hypothesis that I{R/E)\{R} C I{LoE/E). It follows 
from Proposition 2.3 (ii) and the choice of p that Br(i?)p = Imp{V/R) ® KeTp{R/V) (see 
also [27, Sect. 13.4]), so our assertion is equivalent to the one that Kerp{R/V) ^ {0}. 
Clearly, R = RkE, for some integer /c > and Rk G Gal(Ofc). As E/Q^ is regular, 
G{Rk/Ok) and G{R/E) are canonically isomorphic, and for convenience, they will be 
further identified. Fix a tr-basis X^, Yfe of Ek+i/Qk and a primitive element ipk of Rk/Qk- 
Observe that E^ep contains as a subfield a cyclic extension 6'^ of 6fc(Yfe) of degree p, such 
that 0'^ n RkiYk) = 6fe(Yfe). This can be easily deduced from Galois theory and the fact 
that the maximal subgroup of C{QkiXk){p)/QkiYk)) of exponent p is infinite. Regarding 
now the groups Rk{Xk) / Rk{Xk)*^ and pBT{RkEk+i) as modules over the group algebra 
¥p[G{R/ E)], and considering the images of the element Xk — fk under the action of 
G{R/E), one obtains without difficulty that ¥p[G{R/ E)] is Fp-isomorphic to submodules 
of Rk{Xk)/Rk{Xk)*P and pBr{RkEk+i). Let [R:V] = r andj^f j = l,...,r} be a 
system of representatives of the right co-sets of G{R/R) in G{R/V). The embeddability 
of ¥p[G{R/E)] in pBr{RkEk+i) indicates that pBr{RkEk+i) contains an element 5, such 
that Ei=i(?i - 1)]^ lies in KeT{RkEk+i/VkEk+i) \ Ker{RkEk+i/RkEk+i). This implies 
that KeTp{RkEk+i/VkEk+i) ^ {0}. At the same time, it follows from Galois theory and 
the regularity of E/Qk that Un = UkQn, Vn = Rn LoQn and G{Rn/Qn) = G{R/E), for 
n > k and U G I{R/E). Hence, by Proposition 4.6 (i), the extra hypothesis on R and 
the noted properties of the construction of E, Br(i?„)p fl Br(i?„+i/i?^) C lmp{Vn/Rn), for 
every index n > k. In view of the RC-formula and the choice of these observations show 
that Pr^/r maps K.Qip^Rk/Vk) injectively into K.eip^R/V). In particular, it turns out that 
K.eip{R/V) 7^ {0}, so Proposition 6.2 is proved. 

Our next result, applied to the formation \E' of supersolvable groups W G Fin, and to 
a set S of profinite groups containing an isomorphic copy of the symmetric group Sym4, 
proves the existence of a quasilocal field E^ such that Sym4 is realizable as a Galois group 
over E, and each M G Gal{E) with G{M/E) = Sym^ satisfies both the condition of 
Corollary 3.10 and the one that Pe/'^ is not surjective, for any $ G Gal(i?) including M. 
This indicates that the assertions of Theorem 1.2 (i), (ii) and (iv) cannot simultaneously 
be true, if x and x' are replaced by ^ and Sol, respectively. 

Proposition 6.3. Let T and S satisfy the conditions of Proposition 6.2, and let 
\E' C Fin he a formation. Then there exists a quasilocal field E, such that Br(£') = T, 
every G & S is realizable as a Galois group over E, and a finite extension R of E in E^ep 
lies in I{E^/E) if and only if Pe/r is surjective. 

Proof. The field E can be obtained as an extension of an arbitrary fixed field Eq, 
which is a union E = U^qE'^ of an inductively defined tower, such that En/En-i has the 
properties required by Proposition 6.2 with respect to for each n G N. 
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Proposition 2.3 (ii) and the following result, combined with [15, Theorem 23.1], de- 
scribe the isomorphism classes of Brauer groups of PQL-fields. 

Proposition 6.4. Let Eq be a formally real field, Odd C Fin the class of groups of odd 

orders, \1/ C Odd a formation, and T an abelian torsion group, such that the p-components 
Tp-. p E P \ {2}, are divisible, and T2 of order 2. Suppose also that Tq is a subgroup of 
Br(£'o) embeddable in T and with Tq^2 — {0}. Then there exists a field extension E/Eq 
with the following properties: 

(i) E is formally real and PQL, Eq{2) contains as a subfield the algebraic closure of 
Eq in E, Br(£;) ^ T and Tq n Br(E/Eo) = {0}; _ 

(ii) Finite extensions of E in Eodd (ire p-quasilocal, for every p & P \ {2}, and all 
G G Odd are realizable as Galois groups over E; 

(iii) A finite extension R of E in Eodd is included in Exj, if and only if Br(i?)p C 
Im{E/R)Jor every p e P\{2}; if R ^ I{Eis,/E), then Bt{R)p' nlm{E/R) ^ Br(i?)p/, for 
any p' eP\ {2}, p' /[i?: n i?] . 

Proof. We obtain £' as a union W^^iE^ of a field tower defined inductively as in the 
proof of Proposition 6.3. Omitting the details, note that E is constructed by considering 
Odd, P \ {2} and the sums of the subgroups To^pi p > 2, Br(£'„)p: p > 2, instead of Fin, 
P, To and Br(i?^), respectively, extending at the end of the inductive step the obtained 
field by a real closure in its maximal 2-extension. The correctness of the construction is 
proved essentially as in the proof of Proposition 6.2; the Artin-Schreier theory ensures that 
En, n G N, and E are formally real, since the function field of each of the Brauer-Severi 
varieties V used for constructing E embeds over the field of definition ^{V) oiV into a 
field R{V) that is rational over some extension of ^(V) of odd degree. 

Remark 6.5. In the setting of Proposition 6.4, when \1/ = {1}, the proof of Theorem 
1.2 enables one to modify the construction of E so as to satisfy the inequality N{M/E) ^ 
N{M/E) Ah, for each M e Gal{E) with G{M/E) e Odd \ Nil. 

Our next result complements [8, Theorems 1.2, 1.3 and Proposition 3.6] as follows: 

Corollary 6.6. Let T satisfy the condition of some of Propositions 6.3 or 6.4, = Fin 
in the former case, \E' — Odd in the latter one, and let Sup(T) — {p G P: Tp ^ {0}}- 
Then there is a strictly PQL-field F, such that Br(F) = T and every G & ^, for which 
the index \G: [G, G]\ has no divisor p & P\ Sup(T), is realizable as a Galois group over F. 
When T is divisible and Sup(T) = P, F can be chosen from the class of SQL-fields. 

Proof. Our latter conclusion follows at once from Theorem 1.2, and in case Sup(T) = 
P, the former one is contained in Theorem 1.2 and Proposition 6.4. Assume now that 
Sup(T) ^ P, put Sup(T) =P \ Sup(T), consider a field Fq with Br(Fo) = and let 
To = {0} C Br(To)- Then one can take as F the union [Jn=oF^ = lin=oF^ = Un=iTn of 
fields defined inductively so as to satisfy the following conditions, for each index n > 0: 

(6.2) (i) Br(T^) = T and F^/Fn has the properties required by Theorem 1.2 or 
Proposition 6.4. More precisely, Pfq/f;^ is an isomorphism and, for every p & P \ {2} and 
each finite extension i?„ of F^ in F^ .^, Pf^^/r^ maps Br(F^)p surjectively on Br(i?n)p. 

(ii) F^' is the compositum of the fields Fl^{p): p e Sup(T). 
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(iii) Fn+i = F^, if T is divisible, and F^+i is a real closure of in F^{2), otherwise. 

When T and Fq have the properties required by Theorem 1.2 (i)-(ii), for x = Fin, one may 
use only a countable iteration of (6.2) (ii), with (F„, Fn+i) instead of (F^, F^'), for any n. 

Corollary 6.7. Let E be a field and T an abelian torsion group with the properties 
required by Theorem 1.2 (i), Proposition 6.4 or Corollary 6.6. Assume E has a Henselian 
valuation v. Then the value group v{E) of {E,v) is divisible and every D e d{E) is 
defectless with respect to v. 

Proof. Consider first a Henselian valued quasilocal field {F,w), such that w{F) = 
qw{F), Br(F)g 7^ {0}, char(F) = q > 0, and q e n(F), where F is the residue field 
of (F, w). By [20, Theorem 3.16], F and F are nonreal fields. For each finite extension 
L/F, denote by w{L) the value group, and by L the residue field of L with respect to 
its unique (up-to an equivalence) valuation wl extending w. It is well-known that w{F) 
is a subgroup of w{L) of index \w{L): w{F)\ < [L: F] (cf. [21, Ch. XII, Proposition 
12]), and that w{L) is isomorphic to a totally ordered subgroup of w{F). The equality 
w{F) = qw{F) implies that q does not divide \w{L): w{F)\, and yields w{L) = qw{L) as 
well. We show that L/F is defectless with respect to w (and wl), provided that L C F^ep. 
The inequality cdg(G^) > and [19, Theorem 2.8 (a)] guarantee the existence of an inertial 

finite extension $/F, such that q /[$: F] and q G F($). At the same time, it is easily seen 
that Br($/F) n Br(F)g = {0} (cf. [27, Sect. 13.4]), whence the nontriviality of Br(F)q 
is preserved by Br($)g. Moreover, it follows from Ostrowski's theorem (cf. [12]) that our 
assertion holds if and only if finite extensions of $ in $sep are defectless with respect to , 
so the preceding observations reduce its proof to the special case in which q E F(F). Then 
the quasilocal property of F and the nontriviality of Br(F)q imply that N{Li/F) 7^ F*, for 
every inertial cyclic extension Li of F in F{q). Hence, by the lifting property of w, applied 
to a norm form of Li/F with coefficients in the valuation ring of {F,w), the assumption 
on w{F) ensures that N{Li/F) 7^ F*. In view of [27, Sect. 15.1, Proposition b] and [19, 
Theorem 2.8 (a)], this proves the existence of an inertial F-algebra Ag G d{F) of index q. 
Observing that every extension of F embeddablc in Aq is inertial, one obtains from the 
quasilocal property of F that there are no immediate cyclic extensions of F of degree q. 
Since, by Witt's theorem, Br(F)q is divisible, and by [42, Theorem 2] and Galois theory, 
q e P{R)i for every finite extension -R/F, this observation makes it easy to deduce the 
claimed defectlessness of L/F (in case L C Fgep) from Ostrowski's theorem and well-known 
formulae about valuation prolongations. As shown in [36], the obtained result implies that 
every A G d{F) is defectless. When w{F) is divisible, this means that A is inertial over F. 
Also, it follows from the Ostrowski-Draxl theorem [12], that our conclusions remain valid, 
if (F, v) is a Henselian valued field, such that char(F) = 0. Thus the latter conclusion of 
Corollary 6.7 turns out to be a consequence of the former one. 

Our objective now is to establish the divisibility of v{E). In the first two cases, this 
follows directly from the former assertion of [8, (2.3)]. In the third one, one obtains from 
Galois theory that if E is nonreal, then simple groups S G Fin \ Ab are realizable as Galois 
groups over F, so our assertion again is implied by the noted part of [8, (2.3)]. Assume 
further that E is formally real, Br(F) = T, Sup(T) 7^ P and E has the properties required 
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by Corollary 6.6. By [20, Theorem 3.16], then the residue field E of {E, v) is formally real, 
whence char(£^) = 0. In addition, it is well-known that if G e Fin, p & P and u is the 
order of G, then G embeds in Aut(P(G)), where P{G) G Ab is of exponent p and order p'^. 
When G ^ Ab and p /(u, this implies that G has an irreducible representation over Fp of 
dimension > 2. Hence, by Galois theory and the assumptions on E, for each p e P \ {2}, 
there exists Mp e Gal{E) n /(£'odd/-E), such that p /\[Mp: E] and G{Mp(p)/Mp) is of 
rank > 2 as a pro-p-group (one may put Mp = E, if p ^ Sup(T)). Let now Vp be the 
prolongation of v on Mp. By the proof of [8, (2.3)], then Vp{Mp) = pVp{Mp) — 2vp{Mp) 
{Mp is formally real), and since v{E) is a subgroup of Vp{Mp) of index < [Mp. E]., this 
means that v{E) = pv{E), p & P, which completes our proof. 

In conclusion, we use Theorem 1.2 (i) for describing, up-to an isomorphism, the abelian 
torsion groups that can be realized as reduced parts of Brauer groups of absolutely stable 
fields K possessing equicharacteristic Henselian valuations v, such that v{K) are totally 
indivisible (i.e. with v{K) ^ pv{K), for every p & P). This enables one to construct 
various new examples of Brauer groups that are not simply presentable (see [16, Lemma 
1 and pages 492-493]). Before giving the description, note that the residue field K is 
quasilocal, and that a Henselian discrete valued field {L,w) is absolutely stable, provided 
that L is quasilocal and perfect (see [7, I, Proposition 2.3 and the beginning of Sect. 8]). 

Proposition 6.8. An abelian torsion group © is isomorphic to a maximal reduced 
subgroup of Br (K), for an absolutely stable field K = K{Q) with a Henselian valuation v 
such that char(i^) = char(i^) and v{K) is totally indivisible if and only if the p-component 
Qp decomposes into a direct sum of cyclic groups of the same order p^^ , for each p & P. 

Proof. The necessity of the conditions on has been proved in [7, II, Sect. 3] , so we 
show here only their sufficiency. Let G be a divisible hull of 9, n(G) = {p & P: rip > 0}, 
Q an algebraic closure of Q, and G Q a primitive n-th root of unity, for each n G N. 
Denote by Fq the extension of Q generated by the set {Sp^p : p G n(0)} U {spi^ , z/ G N: p E 
P \ n(0)}. Take an extension E/Fq in accordance with Theorem 1.2 so that Br(i?) = O, 
and consider a Henselian discrete valued field (K(0), v) with a residue field Fo-isomorphic 
to E. By Scharlau's generalization of Witt's decomposition theorem [31], then Br(i^(0)) 
= Br{E) © Ce (see also [38, (3.10)]), so it follows from (2.5) that the reduced part of 
Br(i^(0)) is isomorphic to 0. Thus Proposition 6.8 is proved. 

Note finally that the groups singled out by Proposition 6.8 are those realizable 
as reduced parts of Brauer groups of Henselian discrete valued absolutely stable fields. 
The sufficiency of the conditions on is shown by the proof of Proposition 6.8, and their 
necessity follows from [7, II, Lemma 3.2], [38, (3.10)] and the divisibility of Br{F)q and 
C{F{q)/F), for any field F of characteristic q ^ (Witt, see [11, Sect. 15]). On the other 
hand, each sequence {p'^p-. /ip G (N U {oo}), p G P} with h2 ^ oo and p^^: — oo, hp — oo, 
equals the sequence {ep{K): p e P} of exponents of reduced parts of Br(K)p, for some 
Henselian discrete valued stable field {K,v) (see the reference at the end of [10, Sect. 3]). 
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